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Abstract 

The article is devoted to the investigation of smoothness of func- 
tions /(xi, ...,Xm) of variables xi, ..■,Xm in infinite fields with non triv- 
ial non archimedean valuations, where m > 2. Theorems about classes 
of smoothness C"' or of functions with continuous or bounded uni- 
formly continuous on bounded domains partial difference quotients 
up to the order n are investigated. It is proved that from f o u ^ 
C"(K, K') or fou e Cl\¥., K') for each C°° or curve u : K ^ K"* 
it follows, that / G C"(K™, K') or / G CJ^{W^, K'). Moreover, classes 
of smoothness C"''' and C^'^ and more general in the sense of Lips- 
chitz for partial difference quotients are considered and theorems for 
them are proved. 

1 Introduction 

Fields with non archimedean valuations such as the field of p-adic numbers 
were first introduced by K. Hensel [7]. Then it was proved by A. Ostrowski 
[16] that on the field of rational numbers each multiplicative norm is either 
the usual norm as in R or is equivalent to a non archimedean norm |x| = p~^, 
where x = np^ /m G Q, n, m, G Z, p > 2 is a prime number, n and m and 
p are mutually pairwise prime numbers. It is well known, that each locally 
compact infinite field with a non trivial non archimedean valuation is either 
a finite algebraic extension of the field of p-adic numbers or is isomorphic to 
the field Fpfc {6) of power series of the variable 6 with expansion coefficients 
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in the finite field F^fc of elements, where p > 2 is a prime number, A; G N 
is a natural number [18, 22]. Non locally compact fields are also wide spread 
[4, 18, 19]. 

Last years non archimedean analysis [18, 19, 20] and mathematical physics 
[8, 9, 10, 21] are being fastly delevoped. But many questions and problems 
remain open. In the classical case it is known the Boman's theorem relating 
smoothness of a function of several real variables and of its compositions 
with smooth curves [2, 11]. But this problem was not studied completely 
in the non archimedean case besides particular cases and instead of curves 
for compositions with functions of more than one variable [1], that is the 
significant simplification of the problem. 

In the non archimedean analysis classes of smoothness are defined in 
another fashion as in the classical case over R, since locally constant functions 
on fields K with non archimedean valuations are infinite differentiable and 
there exist non trivial non locally constant functions infinite differentiable 
with identically zero derivatives [19, 20]. This is caused by the stronger 
ultra-metric inequality |a; + y| < max(|a;|, \y\) in comparison with the usual 
triangle inequality, where \x\ is a multiplicative norm in K [18]. In papers 
[1, 12, 13, 14] there were considered classes of smoothness for functions 
of several variables in non archimedean fields or in topological vector spaces 
over such fields. 

This paper is devoted to the investigation of smoothness of functions 
f{xi,...,Xm) of variables xi,...,Xjn in infinite fields with non trivial non 
archimedean valuations, where m > 2. In the paper fields locally compact 
and as well as non locally compact are considered. Theorems about classes 
of smoothness C" or C^' of functions with continuous or uniformly continu- 
ous on bounded domains partial difference quotients up to the order n are 
investigated. It is proved that from fou e C"(K, K) or fou G C^(K, K) for 
each C°° or curve u it follows, that / e C"(K"*,K) or / e C^{K'^,K). 
Moreover, classes of smoothness C"''' and C"'*^ and more general in the sense 
of Lipschitz for partial difference quotients are considered and theorems for 
them are proved. 

Many specific features of the non archimedean case in comparison with 
the classical one are found. In the non archimedean case analogs of classical 
theorems over R such as 3 and 10 [2] are not true due to the ultrametric 
inequality for the non archimedean norm, and since if a function / is homo- 
geneous, then need not be homogeneous for k > 1. Theorem 2 from [2] 
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in the non archimedean case is true in the stronger form due to the uhra- 
metric inequahty (see Theorem 39 below). The notion of quasi analyticity 
used in the classical case in [2] has not sense in the non archimedean case 
because of the necessity to operate with the partial difference quotients ^'^f 
instead of derivatives D'^f. It leads naturally to the local analyticity in the 
non archimedean case. In the latter case the exponential function has finite 
radius of convergence on K with char(K) = 0. Moreover, in the proof of 
Theorem 42 it was used specific feature of the non archimedean analysis of 
analytic functions for which an analog of the Louiville theorem is not true 
(see also [19]). 

Several lemmas of the paper serve for subsequent proofs of theorems. It 
is proved in theorems 38-42 below, that for corresponding smoothness, for 
example, (^^(K'", K) of a function / it is sufficient that f o u e C^(K, K) 
for each curve u G C°°(K, K'"), but a local analyticity of u instead of C°° is 
insufficient. 

2 Smoothness of functions 

1. Definitions. Let K be an infinite field with a non trivial non archimedean 
valuation, let also X and Y be topological vector spaces over K and U be an 
open subset in X. For a function f : U consider the associated function 

f'\x,v,t) := [f{x + tv)-f{x)]/t 
on a set at first for t 7^ such that f/[^l := {{x, v,t) e X'^ xK,x e U,x + 
tv & U}. If / is continuous on U and /'^l has a continuous extension on U^^\ 
then we say, that / is continuously differentiable or belongs to the class C^. 
The K-linear space of all such continuously differentiable functions f on U 
is denoted C^^^{U, Y). By induction we define functions := (/["') [""^1 and 

spaces C["+il(f/,r) for n = 1,2,3,..., where /[°] /, /I'^+^l e C^''+^^{U,Y) 
has as the domain ^/I^+i] := (t/N)[i]. 

The differential df{x) : X ^Y is defined as df{x)v := /'^'(x, v, 0). 

Define also partial difference quotient operators by variables corre- 
sponding to X only such that 

^^f{x-v-t) = f\x,v,t) 
at first for t 7^ and if is continuous for t 7^ and has a continu- 
ous extension on C/W =: U^^\ then we denote it by f{x]V]t). Define by 
induction 
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t'l, Vn+i; ti, tn+i) := Vi, h, w„+i; 

at first for h ^ 0, ...,t„+i 7^ on ;7("+i) := {{x;vi, ...,Vn+i]ti, ...,tn+i) : x G 
U;vi, ...,Vn+i e ...,in+i G K;x + Viii e C/, x + + ... + e 

[/}. If / is continuous on U and partial difi^crcncc quotients $^/,...,$"+-^/ 
has continuous extensions denoted by <l>^/,..., $"+^/ on U^^\...,U^^^^^ re- 
spectively, then we say that / is of class of smoothness C"''^^. The K 
linear space of all 6*"+^ functions on U is denoted by C"''^^{U,Y), where 
^^f '■— f: C^{U,Y) is the space of all continuous functions f : U ^ 
Y. Then the differential is given by the equation d'^f{x).{vi,...,Vn) '■ = 
n\^"'f{x;vi,...,Vn',0,...,0), where n > 1, also denote -D"/ = d"'f. Shortly 
we shall write the argument of /'"^ as x^^^ E [/'"^ and of $"/ as x*^"^ G U^^\ 
where 2;^°] = x^'^^ = x, x^^'^ = x^^^ = {x,v,t), u'^^ = v^^^ = v, ti = t, 
^[k] ^ (x['=~^l,v['^~-^l,ifc) for each A; > 1, x^'^) := {x;vi, ...,Vk;ti, ...,tk). 

Subspaces of or C'"' of all bounded uniformly continuous functions 
together with ^^f or T^f on bounded open subsets of U and C/^'^^ or C/I'^l for 
k = 1, ...,n denote by C]^{U,Y) or Cj^\u,Y) respectively. 

Consider partial difference quotients of products and compositions of 
functions and relations between partial difference quotients and differentia- 
bility of both types. Denote by L{X, Y) the space of all continuous K-linear 
mappings A : X ^ Y. By L„(X'^"',y) denote the space of all continuous 
K n-hnear mappings A : X®" ^ Y, particularly, L{X,Y) = Li(X®\F). If 
X and Y are normed spaces, then L„(X®", Y) is supplied with the operator 
norm: \\A\\ := sup;,^^o,...,/.„^0;fti,...,fe„ex WM^i, ■■■,hn)\\Y/{\\hi\\x--\\hn\\x)- 

2. Lemma. The spaces C^^^{U, Y) and C^{U, Y) are linearly topologically 
isomorphic. If f E C"([/,y), then ^''f{x;*;0,...,0) : X®" ^Y is aKn- 
linear C^{U, Ln{X®"'^ Y)) symmetric map. 

Proof. From Definition 1 it follows, that /[^^(a;,^,^) = ^^f{x;v;t) on 
[/[^l — C/(^), so both K-linear spaces are linearly topologically isomorphic. 
On the other hand, it was proved in Proposition 2.2 and Lemma 4.8 [1], that 
$"/(a;; *, 0, 0) is the K n-linear symmetric mapping for each x E U and it 
belongs to C°(f/, L„(X'^"', F)), since $"/(a;; wi, t'„; ti, t„) is continuous 
on and for each x E U and Vi, ...,Vn E X there exist neighborhoods Vi 
of Vi in X and W of zero in K such that x + WVi + ... + WV^ C C/. 

3^ Lemma. Operators T'*(/) := /W from CN(C/,y) into C°(C/W,y) 
and : C"(?7, Y) C\U^''\ Y) are 'K-linear and continuous. 

Proof. Since [{af + bg){x + vt)-{af + hg){x)\/t ^ a{f{x + vt)- f{x))/t+ 
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b{g{x-\-vt)—g{x))/t for eacli f,g& C^{U, Y) and eacli a, 6 G K, tlien applying 
tliis formula by induction and using definitions of operators T" and we 
get their K-hnearity. Indeed, 

T"(a/+6^)(xM) = Ti(T"-i(a/+6^)(x["-il))(2^'"') = Ti(a/["-il+6^["-il)(xN) = 

qjN(^W) ^5^[n](^^M) and 

^''{af + 6^)(x(")) = ^\¥'-\af + 65)(a;("-^)))(x(")) = $^(a/('"-^) + 
6c/("-i))(a;(")) = a/(")(a;(")) + 6c/(")(a;(")). 

The continuity of T" and follows from definitions of spaces C^'^^U, Y) and 
C^{U, Y) respectively. 

4. Lemma. Let either f,g G C^'^^{U,Y) , where U is an open subset in 
X, Y is an algebra over K, or f E C^^^{U,K.) and g € C^"'^{U,Y), where Y 
is a topological vector space over K, then 

(1) = (T ® P + TT ® T)".(/ (g) 

and {fg)^"^ G (7"(f/W,y)^ y;/iere (7r'=^)(a;W) := ^ o tt? o 7r2^ o ... o 7r^"^(xW), 
P"(? := P,,Pn^,...P,g, nt\x^'^) ■= x^'~'\ (A ® ® (?) := (A/)(S(?) for 

A,B e L{C"{U,Y),C"\U,Y)), m < n, {Ai ® Bi)...{Ak ® Bk).{f ® g) : = 
{Ai...Ak ® Bi...Bk).{f (8> g) := {Ai...Akf ){Bi...Bkg) for corresponding oper- 
ators, T"/ := /W, (Pfc^)(a;[*^]) := g{x^''-'^^ + v^'^-^kk), 

pfc^aiY6i...7raiX^'^ = Pfc+5...P,+i7r"iT''i ...7r"'T'''t/ m^/i s ^ bi + ... + bi - ai - 

... - ai >0, 0,1, .... ai, bi, bi G {0, 1, 2, 3, ...}. 
Proof. Let at first n = 1, then 

(2) (/(7)W(xW) = + vt) - ifg)ix)]/t = [{fix + vt) - f{x))g{x + 
vt)+f{x){g{x + vt)-g{x))]/t = {T^f){x^^^){P,g){x^^^) + {^^^^^^ 

since 7r°(x[^]) = x and Pi is the composition of the projection 7r° and the 
shift operator on vt. Let now n = 2, then applying Formula (2) we get: 

(3) = = (Ti(/W(xW)(a;['l))^(a;+ + 

+4'^t2) + +4"(^l +4'^^2),t2) + 

where v^^"^ — for each A; > 1 and v^^"^ — t'f' such that x^^^ + 

= (xW + vpl^fc+i, ^[^-11 + + for each 1 < G Z. 

For n = 3 we get 

(4) (/(?)[='] = [(TV)(^^^?) + (v^lTV)(Tlp2(?) + (Tl(7^lTV))(P^Tlpl(?) + 
(7r2TV)(T2pi(?) + (T27r7)(p2Yiy) + (7riTi7rV)(TipiTi^)+(Ti(7rV))(i^'T^^^ 

since by our definition P'^TT^iT^i.-.Tr^'T^'gr = Pk+s-.-Ps+iT^"^^^^ ■■■T^""'^^^g with 
s = 6i + ... + 6/ - oi - ... - a/ > 0, oi, a/, 6i, bi G {0, 1, 2, 3, ...}. 
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Therefore, Formula (1) for n = 1 and n = 2 and n = 3 is demonstrated by 
Formulas (2 - 4). If /,5 G C°(t/W,F), a, 6 G K, then (Pfc(a/ + bg)){x^''^) : = 
{af + bg){x^''-^^+v^''-%) = af{x^''-^^+v^''-%)+bg{x^''-^^ + v^''-%), more- 
over, 7r''{af + bg){x^'^^) = {af + bg) o 7r° o o ... o 7i'^~^{x^'^^) = {af + bg){x) = 
af(x) + bg(x) = an'' f {x^''^) + bn'^g^x^''^) for each x^'^^ E U^''\ hence it'' and 
and P'^' are K-linear operators for each A; G N. Suppose that ForniTila (1) 
is proved for n = 1, ...,m, then for n = m + 1 it follows by application of 
Formula (2) to both sides of Formula (1) for n = m: 

(j^)m+i^^[m+i]) _ ((/^)M(a;H))[i](a;['"+i]) = ((T ® P + tt ® T)"'.(/ ® 
^)(a;M))[i](a;[m+i]) = ^ p ^ ^ ^ T)'"+^(/ (g) c/)(a;['"+^l), 
since x^™"''^' = (ajt™!)'-'^! and more generally a;^™'"'"'^' = for each nonneg- 

ative integers m and k such that 7r^~"^(a;[™"'"''^) = for k > 1; T'^, P*^ 

and TT are K-linear operators on corresponding spaces of functions (see above 
and Lemma 3) and 

(T (8) P + 71- (g) T)™+^(/ ® = 

Z!ai+...+a„+l+fel+...+6,„+i=m+l(^"^ ® 

(tt^'i T''i)...(T'^-+i ® pam+i)(7i-Wi T''™+i).(/ ® 

where and bj are nonnegative integers for each j — 1, ...,m + 1, (^li 

5. Note. Consider the projection 
(1) V-n : X K"(") ^ X'(") X K", 

where m(n) = 2m(n— 1), s(n) = 2s(n— 1)-|-1, /(n) = n+1 for each n G N such 
that m(0) = 1, s(0) = 0, m{n) = 2", = 1 + 2 + 2^ + ... + 2""^ = 2" - 1. 
Then ■m{n), s{n), l{n) and n correspond to number of variables in X, K 
for T", in X and K for $" respectively. Therefore, ^{x^"^^) = x^^^ and 
'?/'„(f/t"'l) = t/*^"'-' for each n G N for suitable ordering of variables. Thus 
= ^„T-/(a;N) = /M(xN)|^(„), where := for a 

function on a subset in x K" for each y G ^„ ^(V) C x K^^'*), 

W^'''^ = X 0, G X K*(")-'* for the corresponding ordering of 

variables. 

6. Corollary. Let either f,g E C"(?7, F), where U is an open subset in 
X, Y is an algebra over K, or f E C^{U, K) and g G C"'{U, Y), where Y is 
a topological vector space over K, then 

(1) ($ (g) P + 71 

and $"(/^) G /n more c?eto&; 

(2) ^"■{fg){x^'^^) = Eo<a,0<6,a+6=nEji<...<j„;si<...<S(,;{ji,...j„}U{si,...,S6}={l,...,n} 
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<^''f{x;vj„..., Vj^ ■,tj„..., tj^ )<^y{x + Vj^ tj^ + ...+ Vjjj^ ■,v,^,...,Vs,;ts„...,ts,). 

Proof. The operator ipn is K-linear, since ipniO'f + bg){y) = {af + 
b9)i^niy)) = afi^niy)) + bg{^n{y)) for each a,b e K and functions f,g 
on a subset V in X'^'*) x K'^ and each y e ^~^iV) C x K^("). Mention 

that the restrictions of vr^"^ and Pk on W'--^^ gives -k^~^(x^'^^) :— x^'^~^^ and 
{Pkg){x^^^) := g{x^^~^^ + Vktk) in the notation of §1. The apphcation of the 
operator tpn to both sides of Equation 4(1) gives Equation (1) of this corol- 
lary, since V'nT" = for each nonnegative integer n, where T° = 7 and 

— I and 'ipQ — I are the unit operators. 

7. Lemma. Let fi,...,fk e CM([/,y), w/iere U is an open subset in 
X, either Y is an algebra over K, or G C["'l(?7, K) and e 

ere Y is a topological vector space over K, then 

(1) (/i.../fc)["l(a;f"') = E«=o7r®" T ® ® ... ® /fc)(a;W) 
and (/i.../fc)'"l e C°(C/W,y), where tt®" ® T ® ^ ... ^ /^) 
{Ti{fi...fa))iJ fa+i){P{fa+2--fk)), whercK^ := I, ^ I is the unit operator, 
nfo := 1, P/fc+i := 1 (see Lemma 4). 

Proof. Consider at first n = 1 and apply Formula 4(1) by induction to 
appearing products of functions, then 

(2) Ti(/i.../,)(xW) = [(Ti(/i.../.-i))(Pi/.)+(7ri(/i.../.-i))(T7.)](a:W) = 
[(Ti(/i.../,_2))(Pi/fe-i)(Pi/.) + (7ri(/i.../fe-2))(T7fe-i)(Pi/.) 

+ (vrH/i.../fc-i))(TVfc)](xW) = - 

= (Eto(^')^" ® ® Pf ^'"°"'^(/i ® ... ® /.), 

where A««®5®C^('=-"-i).(/i®...®/fe) := (A(A.../,))(i?A+0(C^(/a+2-A)) 
for operators A, B and C and each nonnegative integer a, where ^4*^ := 7, 
C° = 7 is the unit operator, Afo := 1, Cfk+i := 1, in particular, A = it^, 
B = T^, C = Pi. Thus, acting by induction on both sides by from 
Formula (2) we get Formula (1) of this lemma, since the product of n terms 
T^...T^ is equal to T". 

8. CoroUeiry. Let /i, fk G C^{U, Y), where U is an open subset in X, 
either Y is an algebra over K, or /i, /fc_i G C"'{U, K) and fk G C"'{U, Y), 
where Y is a topological vector space over K, then 

(1) <l"(/i.../fc)(x(")) = [E'=o^^"®^®^''^'"""'^]"-(/i®-®/fe)(a^^"^) 
and $"(/!. ../fc) G C0{[/("\ F), where tt®" ® $ O p^{k-a-i) j^f^ ^ ^ _ 

{^{fi--fa)){^fa+i){P{fa+2--fk]) (see Lemma 7). 

Proof. Applying operator ■?/;„ from Note 5 to both sides of Equation 7(1) 
we get Formula (1) of this Corollary. 
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9. Lemma. Let n G CW(K^K'"), u{¥.') C U and f G 
where U is an open subset in K™, s,m E N , Y is a K-linear space, then 

Pj,u)) 

pi + 7ri ® Ti)((Ti op,.,4^,^,[o„^w) ® (P2TI op,.^«))} 
+(T ® P + TT ® T)"-2{E,":=i(7rM^.^,,[oi,, J o u) ® (T2 o p,v")}](^'"0 
andfou e C°((K^)["1, F), where Sj^ru{y) := {ui{y), ...,Uj^i{y),Uj{y + 
Tis)),Uj+i{y + Hs)), ■■■,Um{y + r(s))), u = {ui,...,Um), Uj G K /or eac/i j = 
1,...,TO, y G T = (ri,...,rfe) G K'', A; > s, t^s) := (Ti,...,r^), Pj(a;) := 
Xj, X = {xi,...,Xm), Xj G K for each j = l,...,m, Sj+i^rgiu{y), p) : = 
g{Sj+i^ru{y),P), y eK", P is some parameter, Aj^^^t ■= {Sj+i,vt®t^^°Pj)*^] , 
where is taken for variables {x, v, t) or corresponding to them after actions 
of preceding operations as T'^, T^f{x,Vj,t) :— [f{x + CjVjt) — f{x)]/t, {B ® 
A)*T^fiOu%x,v,t) := T]fi{Bu\v,Au'), B : K"*W ^ K"*W, A : K"*W ^ K, 
Cj — (0, .... 0, 1, 0, 0) G K™'^*) with 1 on j-th place; m{i) = m + i — 1, ji = 
1, ...,m{i); ■.= u, := {u',tiT^opj^v}),...,u'^ = (m"-^ t„_iTiopj-^_^M"-i), 

^ji,t;m,«i/ o M =: /i o ylj„,„[n-i],t„/„_i o =: o u"" , S^T^fiyz) := 

T7(a^). 

Proof. At first consider n—1, then (/ o u)^^\tQ,v,t) = [/(^(to + vt)) — 
f{u{to))]/t, where to G K*, t E K., v E K*. Though we consider here the 
general case mention, that in the particular case s = 1 one has to E K., 
V G K. Then 

ifoup{to,V,t) = [fiu{to + Vt))-fiuiito),U2{to + vt),...,Umito + Vt))]/t + 
[f{ui{to),U2{to + Vt),U3{to + Vt), ...,Um{to + Vt)) - /(Ml(to), ^2(^0), ^3(^0 + 
Vt), Um{to + Vt))]/t + ... + [f{ui{to), Um-l{to),Um{to + Vt)) - f{u{to))]/t, 

where u = {ui, ...,Um), Uj E K for each j — l,...,m. Since Uj{to + vt) — 
Uj{to) — tuf\to,v,t), hence 
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(/oM)W(to, V, t) = T^f{{ui{to),U2ito+Vt), ...,Umito+Vt)), ei,tThli{to, V, t)) 
T^Ml(to, V, t) + T^f{{ui{to),U2{to),U3{to+Vt), Um{to+Vt)), 62, tT^U2{to, V, t)) 
T^U2{to, V, t) + ... + T^f{u{to),em: tT^Um{to, V, t))T^Um{to, V, t), 

since Uj G K for each j = 1, m and K is the field, where Cj = (0, 0, 1, 0, 0) G 
K™ with 1 on j-th place for each j = 1, m. With the help of shift operators 
it is possible to write the latter formula shorter: 

(2) T\fou){y,v,t) = rjLiS,+iM'^'f{u{y),e,,tT'op^u{y,v,t)){T^o 
Pju{y,v,t)), 

where pj{x) :— Xj, x — (xi, ...^Xm), Xj e Kforeachj = 1, ...,m, Sj+i^rg{u{y), P) :— 
g{Sj+i^ru{y), P), y e K*, r G K*', k > s, (3 is some parameter. Introduce 
operators Aj>>,i := (5'j+i,t,f ® tT^ o pj)*T^, where is taken for variables 
{y,v,t) or corresponding to them after actions of preceding operators as 
remembering that g (K*)['^1, t G K, ft'^l = {vi'\ V2'\ v]^^) with 

vP,vf^ G (K^)[^-il, vf' G K'^ for each A; > 1, in particular, = v? for 
A; = 0, T}f{x,v,t) := [f{x + ejVjt) - f{x)]/t, {B ® A)*T^f, o u\y,v,t) := 
T]fi{Bu\v,Au^), B : K'"^ K™», A : K'"^ K. For example, in the 
particular case of s = 1 we have v'^^^ G (K)l'^l Therefore, in the general case 
Formula (2) takes the form: 

(3) TV o u{y, V, t) = ET=Mj,,,tf o u){T' o pju){y, v, t). 
Take now n — 2, then 

TV o = T^ Er=iP,>,t/ o u){i:^ o pju){y, v, 

In the square brackets there is the product, hence from Formula 4(1) and 
Lemma 3 we get: 

(4) TVo«(|/Pl) = E}li[(TM,-„[o],Vo«)(P2Tiop,.«) + (7rM^.„[o],Vo«)(T2o 

Then from Formula (3) applied to terms Aj^^^tfou it follows, that T^74^-^^[o]^V° 
u{y^^^) = E^=^(^J2,^,[ll,^2^Jl,^,[ol,^Vo^^)(Tlop^■^5'J.^+l,,[o)^^^^)(^/P]), where vl^l = 
V, ti = t (see also Lemma 4). Therefore, 

(5) TVo«(|/[2l) = [E™=iE,i1(^,,„w,t.^,,.[o,,Vot.)(T^op,,4^,^,,o,,,i.)(P2Tio 

Then for n = 3 applying Formulas (3) and 7(1) to (5) we get: 

(6) TVo«(i/[^i) = [e,":=iE™l1e;;2(a,3,.i^i,*3^..,.w,*.^...ioi,*i/°«) 

{T^ o pj^Sj^^^^^ii]tJj^^^^^[o]t^u'^){P2T^ o pjj.^^^^^^^^^^ 
ET,=iEl=l[i^\AnM^i,tAnM-ltJou))iT^op 
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Thus Formula (1) is proved for n — 1,2,3. Suppose that it is true for 
k — 1, ...,n and prove it for /c = n + 1. Applying Formula 7(1) to both sides 
of (1) we get: 

(P„+i...P2Tiop,,«) + E,^=i...EFj=l(7ri(A,„,.[.-ii,„...^^^^ 

••.4+i,^m*.«'^"')-(^-i-^2Ti op,.^«)) + _ _ + t"-2{e;^=i eSJ 

T"-HE™=i ^^^,,,.[01,7 o «)(T2 op,.^«)}](y["+il) = 

[E|^=l ... E™+itV(^j„+i,^N,t„+i...^ji,^[oi,tJ o mXT^ opj.^^^S'j.^^^_^[„_i,j^ 
...'S'ji+l,t,[0]tiM")(Pn+lT^opj-^S'^.^_^^-^_^[„_2i^^_^...S'j.^^;^^^[0]j^M""^)...(P„^ 

P,.«)+E"=i ... Erj:J(vrH^,„,.["-ii,t„...^,,,.[oi, Jo«)E^^^ 

i^in5'j„_i+l,r,["-21t„_i...5'j-,+M[0]tiM""^) ® ... ® (Pn...P2Tl op^.^M)) 

+ [E«=i^^'^®T®P«(— -i)](E,":=i ... E7jrii^(7rH^,„_,,.["-i^^^ 

...®{Pn-l...P2^^0p^^u)) 

+ [ELo^^" ® T ® P«(2-a)]n-2^^^^^^ Ei1(7rM,,,,„,,>l,^,„[o,, J o ^.)(Tl 
P^ + ® Ti)((Ti op,.,4+,_,[o„,«) ® (P2TI op,.^«))} 
+ (T ® P + vr ® T)«-HE,":=i(vrM,..^,,,o,,, J o ® (T^ o 

Mention that in general (T""*"^/ o ■u)(y["'+-'^l) may depend nontrivially on all 
components of the vector 7/1"+^] through several terms in Formula (7). Thus 
Formula (1) of this Lemma is proved by induction. 

10. Corollary. Let u e C"(K^K"»), it(K^) G U and f e C''{U,Y), 
where U is an open subset in K™, s,m G N, y is a K.-linear space, then 

_ (1) $;(/ o = [E,":=i ... EZS(5,„yn-i),„..3.^,,(o), J o u) 

{^^°PjJj„.,+iM--'h„^,---Sj,+i,,(o)t,u''-^){Pn^^opj^^^^ 

...{Pn...P2^'op^^u)+Y.i=,...Y.7l:;=l{^^^^ 

$ (g) _P®("-a-2)] 
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and f o u E C"((K^)("\F) (see notation of Lemma 9), where Bj^y^t '■— 
{Sj+i.vt ® o pj)*<l>j, where <l>^ taken for variables {x,v,t) or corre- 
sponding to them after actions of preceding operations as , ^^f{x,v,t) : = 
[fix + CjVjt) - f{x)]/t, (B ® A)*¥fi o u'{x,v,t) := ¥jf,{Bu\v,Au'), B : 

J^mii) _^ J^m{i)^ J^mii) _^ ^(^^ ^ ^ _ j. ^ l,...,m{i), 

= u, := {u\ti^'opjy), := {u^-\tn-3^ op^^_^u''-^), S,^^f{x) := 

Proof. The restriction of operators of Lemma 9 on W'^'^^ from Note 5 
gives Formula (1) of this corollary, where v^^'' E (K'*)^ x K'^. 

11. Lemma. If a 0, a E K., U is an open subset in X, where X and 
Y are topological vector spaces over K., f E C^{U, Y), T E K., T ^ 0, then 

(1) T^f{x,av,t/a) = aT^f{x,v,t) and 

(2) T'^f{x,v,at) = a^^T^ f{x,av,t) and 

(3) T'^f{x/T,v,t) = T~^T^f{x/T,v,t/T) for each {x,v,t) E t/W and 
{x,v,at) E U^^^ and {x/T,v,t) E U^^^ respectively. 

Proof. We have identities: T^f{x,av,t/a) = [f{x+vta/a)—f{x)]/{t/a) = 
a[f{x+vt)-f{x)]/t = aT'f{x,v,t), T'f{x,v,at) = [f{x+vta)-f{x)]/{at) = 
a^^T^f{x,av,t), for g{x) := f{x/T) there is the equality T^g{x,v,t) = 
[g{x + vt)- g{x)]/t = [f{{x + vt)/T) - f{x/T)]/t = T-\f{x/T + vt/T) - 
f{x/T)]/{t/T) = T-'T'f{x/T,v,t/T). 

12. Lemma. Let w : K — > K** be a polynomial function: 

(1) ^^=E:r=o«n^". 

where an E K'' are expansion coefficients, x E IC, m E N , then 

(2) T%(xM) = E:r=ianE^,=i fc){[Er5 ("^)-^r=r"'"'^" 

I r™n-fci-...-A:„„i Y^fci fn-kA Y^n-ki-...-kq^2 fn-ki-...-kg-2\ x^kq-i fkq-A 

+ F ^k2 = l{ k2 )■■■ ^kq.l = l \ kq-l J2^kq = l\kqj 
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where S^[q-i]^ jX^'^~^^ := ja;['^~^l+ jV^'^~^hq for each j , wherex^'^^ = ( ix'^^, 2a;^^',---) 
anc? ^/izs shift operator acts on all terms on the right of it in a product. 
Proof. In view of Lemma 3 

(3) Ti«(xW) = Y:':=o(^n{{x+vm,r-x^)/t, = E;r=i«nE^,=i (,">"-'=^(^[°i)'^^t 

where are binomial coefficients, 

^n-fei^^[o]^A;i^A;i-iy^^ accordance witfi tfie notation of the proof of Lemma 
4. Then 

(4) T2n(xPl) = E™ ianE^,=i tJlErii^ + 

Therefore, Formulas (3, 4) prove Formula (2) for n = 1 and n = 2. Let for- 
mula (2) be true for n = 1, q, prove it for n = g + 1. Applying to both 
sides of Equation (2) operator T-*^ with the help of Formula 7(2) or 7(1) we 
get Formula (2) for n = g + 1 also. 

13. Corollary. Let suppositions of Lemma 13 be satisfied, then \T'^u{x^'^^)\ < 
max™^Q |a„| for each x^'^^ E K''^' with \x^'^^ \ < 1. 

Proof. The absolute value of each term on the right side of Formula 12(2) 
in the curled brackets is not greater than one, since binomial coefficients are 
integer numbers and their non-archimedean absolute value is not greater 
than one and each component of the vector x^f G K has an absolute value 
not greater than one. Applying the non-archimedean inequality |y + -z] < 
max(||/|, \z\) for arbitrary y,z eK. we get the statement of this corollary. 

14. CoroUciry. Let u be a polynomial as in Lemma 13, then 

(1) $%(x(«)) = E- , a„ E^,=i ... YTq'r-"''-' {:) (".f) 

/n-fei-.-.-feq-iX fci „,k„4.ki-l j.kq-l^n-ki-...-kq 
■■■[ kq J^l -^q ^1 ^ 

15. Lemma. Let Vj G R, Vj > 0, for each j G N and limj_^oo = 0. 
Suppose also that g G C°°(K',K), there exists R> such that g{x) — for 
each \x\ > R, moreover, 

(1) \Vgix^^^)\ < &^^Vp 
for each j and \x^^^\ < R, where C > is a constant. Put 
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for each x G K', where T G K, < |T| < 1, a, ii,i2&fci,fc2 ^ Then there 
exists a constant Ci > independent of a, ii,i2^fci,ifc2'i' ^ andT such that 

(2) ||T%(xW)||co(B(Kbi ,0,il),K) 
< (maxi^,i2,fc^, feudal, I ii,i2^'fei,fc2l)) max(l, i?"')|T|-^C^+V^"^ 

Proof. Apply Lemmas 4 and 11. For this calculate by induction T^(a + 
bx){x,v,t) = bv, T^(a + 6a;)(a;[^l) = bv2\..., T^{a + bx){x^^^) = bv2^^^ for 
each j > 3. Therefore, + &a;)||co(B(KW,o,i?),K) ^ max(|a|, for 

each J > 0. In general apply Formula 12(2) and Corollary 13. Then by 
induction from Formula 11(3) it follows, that ||T-'5f(a;/T)||(-;.o(^(K[3],o,i?),K) = 
ITI^-' ||T-'5f(a;) ||(^o(^(K:[j],o,i?),K) fo'^ each j > 0, where T^^f = g. Therefore, from 
Formula 4(1) and the ultrametric inequality we have 

||T%(a;[^l)||^o(B(K[i],o,i?),K) < 
(maxi, 2, fc,, feudal, | ii,i2^fci,fc2 1)) max(l, i?'") ma4=o \Tt''\\'T''g{x)\\co^B{Kik]fl,R),K) < 
(maxi,,i2,fc,,fc2(|a|, | ii,i2^fci,fc2 1)) max(l, i?™) max^^^o |T|-*^C"=+Vfc-^ 
since g{x) = for |a;| > R and choosing Ci > such that oo > Ci > 
sup°t^[supi^Q{C''+^V,^''V^^T\^-''y/^+^^] wc get the statement of this Lemma. 

16. Lemma. // U is an open subset in K^, f '■ U — K zs a marked 
function, then a space Yn of functions {T"/(a;t"l) : v^^\ ivf^ G {0,1}; j = 
1,2;Z = l,2,...;/c = l,...,n— 1} is finite dimensional over 'K whenever it 
exists such that dimjiYn < (2"*^"~^) — l)dimKYn-i, n G N, m{n) — 2m{n — 
+ 1 forne N, m(0) = b. 

Proof. We have the recurrence relation for a number of variables belong- 
ing to K, m{n) = 2m{n — 1) + 1 for each n G N corresponds to T"/(a;["]), 
m(0) = b corresponds to f{x). For n = 1 we have 

T7(x, V, t) = {fix + vt) - f{x))/t = [fix + vt) - fix +iv- ,ve,)t)]/t + 
[fix+iv- bveb)t)-fix+iv- bet- b-ieb-i)t)]/t+... + [fix+ iveit)-~f{x)]/t, 
where v = { iv, bv), G K for each I = 1, ...,b. We have that iv G {0, 1} 
may take only two values and the amount of such nonzero vectors v is equal 
to 2'' — 1. Thus the family {T^/(a; + {v — bVCb — ... — kV^k), kvek,t) : iv G 
{0, 1},Z = 1,...,6} of functions by ix,t) G K''+^ spans over K the space 
{T^/(x, V, t) : ;f G {0, 1}, / = 1, b}. Its dimension over K for a given / is 
not greater, than 2^ — 1. 

Let the statement of this lemma be true for n — 1 > 1. Then ap- 
ply the operator T-*^ to T"~^/(x["^^]). Replacing in the proof above / on 
get the statement of this lemma for n also, since T'*/(x["l) = 
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Yi(xn-ij(^^[n-i]))(^(^^[n-i])[i]^ and = (xl""^!)'^^ considering /N(a;M) by 
free variables {x,ti, ...,t„). 

17. Corollary. For each n e N anc? eac/i 6 e N and a marked function 
/ : f/ ^ K, where U is open in there exists a finite system A„ of vectors 
^ {y^v), y,v e K'"^'^-^) s^/c/i ^/ia^ 

(1) E(,,„)eA„ C(,,„)TV(a;['^-^l + V, tn) = 
Z5 identically equal to zero as the function of {x,ti, ...,tn), where (a;'"""^! + 
y,v,tn) e U^''\ e ^/[""^l, -yl^l and ivf e {0,1} /or eac/i j,k,l, y may 

depend on the parameters ti, ...,tn polynomially, ^ C(y^y) e K are constants 
for each {y,v). 

Proof. Take carrf(A„) > ddmnYn and ^vj^' G {0, 1} for each / = 
l,...,m{k — 1), j — 1,2 and k = 0,...,n— 1 such that {x,v,ti) e C/W. 
Then 

T^f{x,v,ti) = T^f{x + {v - bveb)ti, bveb,ti) + T^f{x + {v - bV^b - 
b-iveb-i)t, b-iveb-i,ti) + ... + T^f{x, ivei,ti), 

hence T-^ on vectors {{x, v, ti); {x + {v — bveb)ti, bVCb, ti); {x + (u — bi'^b — 
b-iveb-^i)ti, b~iveb^i,ti); {x, ivei,ti)} is K-hnearly dependent system of 
functions by {x,ti), where iv G {0,1}, / = l,...,b, C(y,u) 7^ 0. Let the 
statement be proved for n — 1, then prove it for n. Apply to both sides of 
equation 

E(j/"-i,t,"-i)gA„_i C'(j/"-i,-!;"-i)'Y'"~V(^'"'~^^ + V'^~^: tn-l) = 

operator T^, which is K-linear, consequently, 

E(j/i,i-i)GAi C'(2/i,«;i)^^(E(j/'^-i,,;"-i)eA„_i T""V)((a:^'"~^' ■^""S tn-i) + 

y^,v^,tn) = 0, 

where Ai, y^ and already correspond to T'^~^f{x^'^~^^) instead of f{x), we 
get Formula (1) with C(,yn = Ciyiy^Ciyn-i^^n-i-j ^ and with T"'/(a;'"~^l + 
+ yi, t„) = T«/(x[-il + y", t;", t„). 

18. Corollary. // ?7 is an open subset in K.'^, f : U 'K is a 
marked function, then a space Xr, of functions {$"/(a;(")) : iVj G {0, 1},Z = 
1, = 1, n} is finite dimensional over K whenever it exists such that 
dimicXn < (2^ — 1)", n G N. Moreover, there exists a finite system A„ of 
vectors ^ {y,v), y G K^, v G (K'')" sw,c/?, t/iat 

(1) E(y,«)eA„ <^(s,,^)^"/(a; + V, ti, ...,tn) = 
is identically equal to zero as the function of{x, ti, ...,tn), where {x+y, v, ti, ...,t. 
jjin)^ ^(n-1) g ^(0) g ^Q, 1} for cach I = 1, h, j = 1, n, y 

may depend on the parameters ti, ...,tn linearly, ^ C^y^^) £ K are constants 
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for each {y, v) . 

Proof. Restrict in the preceding formulas T"/(a;["^) on and from 
Lemma 25 and Corollary 26 we get the statement of this corollary. 

19. Lemma. Let U be an open subset in K."^ , Y be a K.-linear space. If 
char{K) = 0, then either f G n C'''+^{U,Y) or f e Cf]([/,F) n 

CJ^+\U,Y) if and only if either f G C^'^+^^U.Y) or f e d^^^\u,Y). If 
char{K) > 0, then C["](?7,F) C C"(f/,F) and Ci"\u,Y) C CJ^{U,Y). 

Proof. If / G C["+^1([/,F) or / G Cl''^^\u,Y), then the restriction 
T"+^/|^(„+i) = $"+^/ is continuous or uniformly continuous on cor- 
respondingly, consequently, / G C"+^(C/, y) or / G C]^~^^{U,Y) respec- 
tively. Since CN(C/,y) c C["+il(C/,y) or Cl"'(C/,y) C Cf+^^(C/,y), then 
/ G CM(^, Y) n C"(C/, y) or / G Cl"'(C/, Y) n C]^(U, Y) correspondingly (see 
also Note 5). 

Let now / G CM(^7, Y)nC''+\U, y) or / G Cf^(?7, Y)nC];+\U, Y). For 
n = the statement of this lemma follows from Lemma 2. Suppose that the 
statement of this lemma is true for k — 1, n, then prove it for A; = n -|- 1. 
In view of Lemma 9 we have, that has the expression through the 

finite sum of terms ($"+^/ ou"'^^)hf3 up to minor terms {T^f )hfs with i < n, 
where u"''^^ G and hf^ G are functions associated with K-linear and 
polynomial shift operators and their compositions independent of /. We can 
write this in more details by induction. Now consider the composite function: 

(1) (/(xt^l) := (<IV)(M(a;;«);ej-,,...,ej-^;ai$"«Mfc,(x; ie;6i),..., 

appearing from the decomposition of /'^l, where ai,...,as arc polynomials 
oiti,...,tq and ivf\ k = 0,...,g, / = 1,2,..., j = 1,2,3 for k > 0, 6; C 

N; q; is a parameter, wi, Wr are polynomials of x, ti, ...,tq, ivf^; 
here a, u, oi, a^, wi, Wr, e^, j^, 6j are independent of /. The set of vari- 
ables (x; ti, tq] ivf^ : I = 1,2, k = 0, ...,q; j = 1, 2, 3} is in the bijective 
correspondence with the vector x^'^l Then act on this function g by the 
operator T-*^ at the vector a;'^"'"^] = (x^'^\v^''\tq^i) such that T^g(x^'^~^^^) = 
[5'(a;t^^ -|- v^'^Hq^i) — g{x^'^^)]/tq^i. For the calculation of T^g apply Formulas 
7(2) and 9(2) to g and ($^/) by all variables of functions in this composi- 
tion and product. It is nonlinear by ^*/. As the result T^^f is the K-linear 
combination of functions of the same type (1) with q + 1 instead of q and in 



15 



general new functions in the composition and product after actions on them 
operators T^, Pk, tt and S. Shift operators S over K are infinite differentiable 
and invertible such that for K with char{K.) = we have S — kS 
and Y.i=i t^^id{x; v; t) = kt^^id{x; v;t) for all A; e N = {1, 2, 3, ...} and 
each t 7^ and v ^ 0. 

20. Corollary. Ifchar(K) =0, then a function f belongs to C^"'~^^^{U,Y) 
or C|"+^l(t/,F) tf and only if f belongs to C'+^U^Y) or C^+\U,Y) re- 
spectively, moreover, there exists a constant < Ci < oo independent of 
f such that ll/IU < ||/||[„] < Cill/IU for each f e C,"+^(C/,y), where 
ylk] _ g jj[k] . ^ i.| ^vl^\+^\ < i,|^;[3]| < 1 vZ,g} or y« := 

norms either 

II/IIn := SUPfe=o,...,n;a:WeyW | Z''"' (^^''') I 
ll/IU := snpk^o,...,n;xWevW |<IV(xW)|. 

Proof. Apply Lemma 19 by induction for k = 1, ...,n and use Lemma 2. 
If is a bounded continuous function g : K"* — > K, then [g(x + vt) — g{x)]/t 
is a bounded continuous function by {x, v, t) G K"^ x K'" x (K \ -B(K, 0, 5)), 
where 5 > is a constant. If L(X, V) is the space of all bounded K lin- 
ear operators T : X ^ Y from a normed space X into a normed space 
Y over K, then operator norms ||T||i := supo^aj^x ll^^lli'/ll^ll^) ll^llz '■ = 
suPo<|a:|<i,a:GX 11^^; ||y / and ||T||3 := sup|^|=i_^gx ||Tx||y/||a;||x are equiv- 
alent [18]. In view of Lemma 2 each operator t^i, t^^; 0, 0) is j 
multi-linear over K by vectors vi,...,Vj G X. Therefore, the definition of 
the C" norm given above is worthwhile. If x'*^! e V^^\ then = 1 and 
I ivf + iv^2^tq+i\ < 1 for each /, g. The inequality < ||/||[n] follows 
from = The second inequality ||/||[n] < C'i||/||n follows from the 
decomposition of /'^l as a finite K-linear combination of terms having the 
form 19(1) for each g = 1, n and since norms of all terms are bounded and 
expansion coefficients are independent of /, where = /. 

21. Lemma. Let U be an open subset in K'', 6 G N, let also f : 
U Y be a function with values in a topological vector space Y over 
K. Then f G CM(f/,r) or f e cP{U,Y) or f e C"(f/,r) or f e 
C^{U,Y) if and only T'^/(xW) G C\U%^^^^^,^_^^,yY) or TV(:rW) G 

or^'f{x-e,^,),...,e,^,yM,...,t,)eC\u\^^^^^^^^ or 
*''/(a;;ej(i),...,ej(fc);ti,...,4) G C'°(V'/(^i),...j(fc), for each k = 0, l,...,n and 
for each j{i) G {l,...,mi}, = ej(i) G (K^)W, mi = (iimK(K'')W, i = 
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0,1,..., A;, a;[*^"^] = (x^, f '^l, tj+i) or respectively each j{k) G {1,2, ...,6} 

with Cj = (0, 0, 1, 0, 0) G K'' is the vector with 1 on the j-th place, 
y^here C/jfJ) ^^.^ := {x^ G C/W : = e,(,),z = 0, ...,/}, V^_,^) = n 

^[fe] or ej(i), ej(n); ti, tn) 

is locally bounded, then T'^f^z'^''^) or ^'^f[z^'^^) is locally hounded respectively. 
Proof. If n = 1, then 

(1) ^^f{x]Vi]t'i) = ^^f{ ix, 2Viti,..., bX+ bViti;ei; iViti) iVi + 

$\/( ix, 2X, 3X+ sviti,..., bX+ bViti;e2; 2^^1*1) 2V1 + ... 
+<^^f{ ix,..., bx;eb; bVih) bVi, 

hence <^^f{x;vi;ti) G C^{U^^\Y) or <t>^ f{x;vi;ti) G Cj^{V^^\Y) if and 
only if l>7(x;e,(i);ti) G C%U^ll,Y) or l>V(x; e,(i); ti) G C^{vlll,Y) for 
each j(l) G {l,...,b}, where x — ( ix,..., bx), jx G K for each j, T^f = 
$^/. In accordance with Formula 10(1) or 9(1) we have the expression of 
^^f{x; Vi, Vfe; ^1, tk) or T''f{x^^^) throughout the sum of terms contain- 
ing i>''/(x; ej(i), Bjfk); ti, tk) or T''f{z^''^)\ [k] with multipliers be- 

^j(0),...,j(k) 

longing to C^{U, Y) or d^\u, Y) putting in Formula 10(1) or 9(1) u ^ id : 
— i> K'', i(i(x) = X for each x, s — m — b. From this the second assertion 
follows. 

Suppose that the first statement of this lemma is proved for all k — 
0, 1, n—1. Then apply the operator to each $'*~^/(x; ej(i), ej(„_i); ii, tn-i) 
and in accordance with Formula (1) with $"~^/ or to each T^~^ f(x'-'^~^^) 
with a;["-~^l G t^]"o)^^ j(n-i) iiistead of / we get the same conclusion. Thus 
$"'/(a;; 6^(1), ej(„_i), ti, .... t„_i, t^) belongs to C"^ or by its variables 
belonging to Uj'^i)^,„j(^n-i) T"/(a;["'l) belongs to C° or 

Q° by a;["l G t/|55),...j(„_i) or x^"] G 1^j'(o),...j(„-i) respectively if and only if 

<l""V(a:;ej(i),...,ej(„_i),ej(„);ti,...,t„_i,t„) belongs to C°(L/'][Jj j(n)'^) 

^°(^/(i),....(n), ^) or TV(xW)|^[„, G CW([/W y) or T'^/(xN)| [„, g 

^t\^jio),...,j{n)'^) respectively for each j(n), where j{0), ...,j{n) are arbi- 
trary. Together with the induction hypothesis this finishes the proof of this 
lemma. 

22. Lemma. Suppose that is open in K'^ for each 2 < k < m 
with damainifk) = and from fkoue C["l(K^-^ Y) or d^\K''-\ Y) or 
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C^(K''-\Y) orCJ^{K''-\Y)foreachu E CM(K^-\K'=) or Cr^iK''~\K'') 
or C"^(K'^-\K^) or C^{K''-^,K^) with image{u) C U'' it follows that 
fk e CW(^7^F) orCP{U'',Y) or C"(t/^ F) orC^(U^,Y) respectively. 
Then for domain(f) = U open in K"" from fouE CW(K, Y) or '(K, Y) 
or C"(K,y) or Cj;{K,Y) for each u E C[°°](K,K"^) or Ci°°l(K,K"*) or 
C~(K,K™) orC~(K,K'") withimage{u) C U it follows, that f E CM(K,y) 
or CP{K, Y) or ^"(K, Y) or C^"(K, Y) respectively. 

Proof. Write / o -u in the form f o u = f o u„,_i o ■u„j_2 ° ••• ° ""ij where 
: K-^ — >■ K-'^^ for each j and m : K — > K'" of corresponding classes of 
smoothness. Applying supposition of this lemma for k — m,m — 1, 2 we 
get that / o u„,-i o ...ouj E CW(K^y) provides / E CW([/,y) or also for 
others classes of smoothness correspondingly for each j = m — 1, m — 2, 1. 

23. Lemma. Let f : U ^ K', where U is open in K™. Then f E 
Ct'^l(f/, K') if and only if each T"/(a;'"'^)„[n] is continuous for v^^'^ = 

^j(0),...,j(n) 

for each /c = 1, n — 1. 

Proof. In view of Lemma 21 it remains to prove, that continuity of 
each T"/(x["'])„[„] is equivalent to the continuity of this family un- 

^j(0),...,j(n) 

der the condition — for each k — l,...,n — 1. Prove this by induc- 
tion. We already have that vf^ E {0,1} for each k — 0, ...,n — 1. De- 
note by Sn,t„ the shift operator Sn,t„g(tn-i, P) '■= g{tn-i + tn), where (3 de- 
notes the family of all other variables of a function g. Then T"/(a;f"l) = 
[^n,t„T"~V(x["-i]+w[«-ilt„)-T"-7(x["-il)]/t„ = [(^„,i„-/)T--7(x[--il + 

w["-^]t„)]An + T-/(a;W)l4"-iLo' 

where w^^'^^ differs from by ^3""^' such that in w^"'~^^ it is zero and in 

^,["-1] it is one while all others their components coincide such that x'"] = 
(x["-il,^;["-il,iJ,xW|^[„_,^^ = Since [(^„,t„-7)T"-7(x["- 

W^''-%,)]/tn = [T-''f\{x^"-'K t'^''-^\tn-l + tn) + W^^^-'-kn) - T^'^fix^'^ + 

w^''-^kn)]/tn, where .x™ = x, x^''-^^ = (a;!"-^]^ ^[n-2]_ n > 2 and A; > 

1, then [{Sn,u - /)T«-7(x["-il + w["-iltj]/t„ = T,i(„_,)T"-7(x["-il + 
v^"~^hn){tn-i+tn — tn-i)/tn is coutinuous, whcrc s(n — 1) corresponds to the 
partial difference quotients by the variable tn-i- Then by induction get that 
{Sk,tk — I)/tk = ^l{k) for each A; = n — 1, 1 which leads to the assertion of 
this lemma. 

24. Lemma. Suppose that f E C"(C/, F) or f E CM(C/,y), where U is 
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open in K™, then each has the symmetry by transposition of pairs 

{vj,tj) characterized by the Young tableaux consisting of one row of length 
n, each T'^/(x["])L r„, m , , is characterized by the Young tableaux 

consisting of T^'^ rows, where the first row of length n contains numbers 
1, ...,n, the second row of length n — 1 contains numbers 2, ...,n, the third and 
the fourth rows have lengths n — 2 and contain numbers 3, ...,n and so on, 
where the number of rows of equal lengths n — k is 2^~^ for \ <k < n — \. 
Moreover, if ti^ = 0,...,t^ = as arguments of T"-f , then its symmetry 
becomes higher with the amount of rows 2"~' instead o/2"~^. 

Proof. The function $"/(a;; f i, f„; ii, i„) is symmetric relative to 
transpositions (f tj) i-^ {vj, tj), since [(/(x + Viti + Vjtj) — f{x + Vjtj))/ti — 
if{x + v,t,) - f{x))/t-]/tj = [{f{x + v,U + t-t,) - f{x + v,t,))/tj - {fix + 
Vjtj) — f{x))/tj]/ti for each i ^ j and so on by induction. 

When vf^ = Oforl<A;<n — 1 and n > 2 we have 

(1) T^+V(x['=+il) = {[T'=-7(x['=-il + (vl'^-^^ + vfk,+^)t, + vfk,^,) - 

and this expression is symmetric relative to transpositions {v^''~^\tk) ^ 
{v^\tk+i)- Therefore, exclude v^^ = from the consideration such that 
^[0] _ ^[o],i^ ^[1] ^ (^[i],i^^[i],2^o), where t;™'^ e K"*. Then by 

induction define vectors f!'^''* G K'" such that x'^' + v^'^hk+i — {x^''~^^ + 
v^ihk+i,v^''~^^ + V2hk+i,tk + vfhk+i) with vf^^ = and to this corresponds 
ylk-i],ij^y[k],i+2 j.^^^ such that f t'^l is completely characterized by (tiW'* : i = 
1, 2*^), where k > 1. Therefore, by induction T**/ is symmetric relative to 
transpositions {v^''~^^'\tk) ^ {v^^^'\tk+i) for each 1 < i < 2*^"^, 1 < k < n—1. 
To v^^^'^ pose the first row of length n with numbers 1, ...,n in boxes from 
left to right, /c = 0, 1, n - 1. To vectors v^'']'* with i = 2*"^ + 1, 2^ and 
k > 1 pose rows in the Young tableaux with such numbers in squares from 
left to right beginning with k + 1 and ending with n in each such i-th row. 

If ti^ — 0,...,tj, = as arguments of T"/, then the symmetry of T"/ up to 
notation corresponds to t^t*""^! + v^^'^hi^ — and T'^f is characterised 

by less amount of vectors i^l'^l'* since T\ f — ^\ f such that instead 

of (■ul'^-^l'-' : j = 1, 2*^"^) it is sufficient to take j = 1, 2^^"^ for k ^ i2 for 
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k > 2 and so on excluding excessive vectors by induction on s = 3, /. 

25. Lemma. Suppose that f G C^-^U^Y) or f e C^''-'^\U,Y), where 
U is open in K"*. Then 

(1) / e C^{U, Y)orfe CW(C/, Y) if and only if^"f{x; w, w; t^, t^) 

or 

T"/(a;["l)|{^[n].^[fc],i=^^ Y2s-i<j<2»,o<s<fc<n} continuous for each marked w e 
K™ or Wq, ...,Wn-i G K™ respectively; 

(2) or T"/ is not locally bounded if and only if there exists marked 
w G or Wq, Wn-i G K"* suc/i t/iat l>"/(x; w, w; ii, ...,tn) or 
T"/(x["l)||t/[n]:^[fc],«=^^ /oca//?/ bounded. 

Proof. In view of Lemma 11 and Formula 9(2) applied by induction we 
have 

^""fix; w, ...,w; ti, ...,tn) = Er;,...,i„=i ai,...ai„$"/(x + t^ EI^=ii+i ai.Si, + 

... + tn J2l„=i„+l (hn^ln'i ^ii) ^in'i ^ii^li •••) ^in^n) 

for each w = Z)™ i if least one tj 7^ 0, where G K, for convenience 
of notation Y^^m+i^i^i — 0- Then consider all ti,...,tn G K such that 
^ ti ^ 0. Due to Lemma 24 and since are arbitrary and can be 
taken nonzero, then each e^^, e^^; aj^^i, ai„i„) is continuous or 

locally bounded if and only if l>"/(x; w, ...,w;ti, ...,tn) is continuous or locally 
bounded for each marked w G K"*. In view of Lemma 21 this provides 
assertions (1,2) for $"/. 

We have P''(a;["])l([/W:«w-=«;«V2--i<i<2-,o<s<fc<n) = x + J^lZo (l)k+i{t)wk, 
where (f)i{t) — J2i<h<...<ii<ntii---Ui are linearly independent symmetric poly- 
nomials, I — 1, ...,n, t — {ti, ...,tn), in particular, (f)i{t) — ti + ... + tn- Put 
aj^i := Gj^s each j = l,...,m, 2*~^ < I < 2^, s — 0,...,n — 1, where 
Ws = Yh^i Cii,sCi with tti^s G K for each s = 0, n — 1. 

Applying Formula 11(2) by induction we get 

T"'/(a;["'l)||f/[n].j,[fc],i^^^ V2s-i<i<2s,0<s<fc<n} = Sil^,',...,i„_i=l Sl<qfe<2''-,fe=0,...,n-l 
(nfc=0 '3;ifc,qfe)T"/(a;j )|{[/H:^W,i=5,^^^ei^_^^,r^+i=ai^,g^t„+i Vs=0,...,n--l,l<Z<2''} 

for each marked Wg if at least one ti ^ 0, where Sij — 1 for i = j and 
5ij = for each i ^ j, J = {{ik,qk) : k ^ 0, ...,n - 1}; 7r"(x5*') = -P"(?/), 
where r^+i corresponds to instead of tk+i for y G (K™)'"! corre- 
sponds to the set {x; v''^''^ = J2jk>ik+Si '^jk^i^jk^ k = 0, ...,n — 1,0 < s < k < 
n, 2*~^ < / < 2*; ti, t„) in the notation introduced above. Then consider 
all G K such that 7^ — > 0. Since 0^,5 G K are arbitrary con- 

stants which can be taken nonzero, then from Lemmas 21 and 24 the state- 
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merit of this lemma for T"/ as well follows, since T^(/["' ^'(a;'" ^]))(a;t"'l) = 
^j[n-i](^[n-i] ^y[n-i]Q _ /["-!] (^I"-!] and = {x^'"-^\ v^''~^\ Q and 
due to repeated application of Formula 24(1), and g{h{z)ei,y) e by 
{z,y) e Ui X U2 is equivalent to g{uei,y) e C° by G /i(f/i) x C/2 

for continuous function h{z) hj z = {zi,...,Za) G Ui, where Ui and U2 are 
domains in K'* and K^, g{uei,y) G Y, h{Ui) C K. 

26. Lemma. If f e C"-i(t/,F) or / G Cl"-i]([/, F), where U is open 

inK.^. r/ien$V(^("^)l{c/("):3i |td>5} |i,|>5,.w=ovfe} 
continuous respectively, where 5 > 0. 

Proof. Since $"/(a;(")) = and T"/(a;["l) = 

T^(T"-7(a;["-^l))(a^'"') whenever it exists and TV(xW) = = 
vt) — f{x)]/t then in view of Lemmas 21 and 24 we get the statement of this 
lemma, since $"~^/(a;^"~^^) or T"~^/(a;t"~^l) is continuous respectively and 
there is considered a domain with > 5 and ti + v^hi^i — ti, where — 0. 

27. Lemma. Let f : — > K &e a function such that / o m g 

or foue C"(K,K) /orn > and / G C["-ll(K^K) or / G C"-l(K^K) 
for n > 1 /or eac/i m G C[^1(K,K^) or u E C°°(K,K^), ^«/iere K a 
yieW with a non-archimedean valuation and 2 < 6 G N, then T"/(x["]) or 
i»"/(a;'^"^) respectively is a locally bounded function on (K^)'"' or (K'')'^") anc? 
/ is continuous. 

Proof. At first prove, that / is continuous, when n = 0, since for n > 1 
we have C C""^. Suppose the contrary, that there exists a sequence jZ 
such that limj^oo jz = zq and a limit of the sequence {/( jz) : j} either does 
not exist or is not equal to f^zo). Take Cj and and u{x) as above, then 
limj_,<^(/ o j-a;) = lim^-^oo /( jz) ^ f{zo) = (/ o u){yo), hence / o is not 
continuous at y^ contradicting the assumption of this lemma. 

Now suppose the contrary, that there exists Zq^^ G (K'')["'1 or z^^^ G 
(K*)*^"^ such that T"/ or $"/ is unbounded in a neighborhood of Zg"' or 
zlP^ correspondingly. As a neighborhood take a ball i?((K'')["], Zq"', e) in 
(K'')N containing and of radius e > or B{{K^Y'^\ zi'"\e). Without 
loss of generality we may suppose, that Zq :— z^^^ = G making the 
shift := f{x — Zq) when zq ^ 0, where Zq denotes the projection of 

2^0"^ in K^. Then there exists a sequence kZ^"'^ or fc-z*^") tending to Zq"' or 
zlP^ when k tends to the infinity such that limfe^oo |T'"'/( fc-z^"')! = cxd or 
lim/j^oo !$"'/( kZ^"^^)] = 00 respectively, where \x\ = \x\-k is the valuation in 
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K. So we choose the sequence { : k = 1,2, ...} such that | kV^'^^^^l < 1 
and I ktj\ < 1 for each /c G N and j = 1, ...,n. In view of Lemma 25 without 
loss of generahty there exists a marked w e K"* or wq, ...,Wn-i £ K"* such 
that $"/(a;; w, w; ti, tn) or 

T"/(a;["l)||t/[n]:^[fe].i=^^ \/2''-i<i<2'',Q<s<k<n} is not locally bounded in a neigh- 
borhood of either ^q""* or Zq"^ with the sequence { j-z*-"' : j G N} or { jz'"^ : 
J G N} such that either { j^;'"! : j G N; = = 1, ...,n} or { j^rt"' : j G 
N; ['^l'* = Wg y2^~^ < i < 2^ ,0 < s < k < n} respectively. At the same 
time due to Lemma 26 we can consider, that limj^oo max"^^ | jti\ — 0. Prom 
Formula 9(1) or 10(1) applied to u = id and the conditions of this lemma it 
follows, that all terms with orders k < n of B^f or A'^ are continuous, hence 
there exists an ordered set ji} such that the sequence either 

j4"^) :i e N} or 

Pjiu){ jZq^^) : j G N} is unbounded for / = id. 

Now consider the same Formulas 10(1) or 9(1) for arbitrary u satisfying 
conditions of this lemma. Again all terms with orders k < n of B^f o u 
or A^^f o u are continuous and hence bounded in a neighborhood of z^'^ 

\n\ 

or Zq respectively. We construct a curve u in several steps leading to the 
contradiction with the supposition of this lemma. 

Mention that i:'^id{y,v^^\ti) = ^1°], where y,v^^^ G and ti G K. Then 
T2id(yPl) = (^;[o] +411^2 -^;[0l)/i2 - 4'' and THdjiij^"-^) = ( + ,+rf'^3- 
4^')A3 = j+bV2\ where J = 1, = ( i^*"^, cVi \ ivt\ c4^','yf^), 

c = c{k) = 2*^-i-A;+6(2^-l), ' G K for each j. A;, I, id{y) = (i(ii(y), idb{y)) = 
{yi, ...,yh)- Therefore, we get by induction 

T™z(i,(yH) ^ ^.(^^4-^1, 
for each m > 2, where — j, j{2) = j, j(3) = j + b, j{m) = j + 2"^ ^ — 
(m - 1) + 6(2"*-^ - 1) for each m > 4, since j{m) ^ j + b + {2b + l) + (2(26 + 
1) + 1) + (2(2(26 + 1) + 1) + 1) + ... + (2(2(...(26+ 1) + 1) + 1) with 2 in power 
m — 3 in the latter term. 

At first consider equations 

(3) $'='u(a;(")) = ak^Hdiz'^''^) or 
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(4) T''u{x^"-^) = akT''id{z^"'^) for k = 0, l,...,n in neighborhoods of Xq 
and zl)^^ or Xq"^ and z^q^ with prescribed marked vectors rj or tjq, ...,f]n-i and 
w or Wo, Wn-i respectively, where rj or rjo, rjn-i are determined from the 
equations, 7^ 0;^ e K are constants specified below for a sequence such that 
limj^oofi'i = 0, where < qj := min^^;^ l<^i,fc| ^ 9j '■= niax^^;^ l<^j,fc| < 1- If 
ts = 0, then equations for T'^u simplify due to term Dt^ instead of T^^ for 
which Ws does not play a role and we can consider = 0, where r<j play the 
same role for x^"^ and x^"' as tg for 2;^"^ and z^"', s — 1, ...,n. If tg 7^ 0, then 
we can take 7^ 0. In view of Lemma 22 we can consider the data {h — 1, h) 
instead of Since w or wq, ...,Wn-i arc fixed vectors independent of j, 
then we can resolve these equations for marked nonzero vectors 77 G K^~^ or 
rjo, ...,r]n-i G K^~^ corresponding to jX*^"-* or jx^^^^ such that variables will 
be jX e K^~^ and ri,...,r„ for u instead of jz e K** and ti,...,tn for /, 
such that hmj^oo inaxf^;^ \Ti\ — 0. In view of Formulas 12(2) and 14(1) it is 
sufficient to consider a quadratic function 

(5) u{h) = 2; + cX]fc;^,fe2=0 5I]ii,i^2=l ii,i2^ki,k2^ii^i2 ^ 

where i.^i^ak^^ki G c G K, | ^,^20^1,^21 < 1 for each ^1,^2,^1,^2, h = 
(/ii, hb_i) e K^-^ Thus we get_ 

J6) |(-Bj„,77®n,r„---_-Sji,^,n/°^*)(^^ °Pjn'S'j„_i+l,^®("-i)r„_i 

...(P„...P2i'' o p,,x.)( ,.4"))| > |g,.|-|7r|'o+^o|(S,„,^«n,„...%,^,,J o ^($1 o 
...(P„...P2$'op,-^id)(,-4"))| or 

^('') l(^jn,»7["-ll,r„---^ii,r,[01,ri/^O "") (^^ O Pj„S'j^_^^+l_^[„_2]^„_^ 
•••'S'ii+l,r,mri«""^)(^nT^ opj-^_^S'j.^_^_^^,^[„_31^„_2...-S'^-^+l,^[0]^^^ 

...(P„...P2Ti o p^^u){ ,-x|rJ)| > |g,n7rpo+^o|(^,„,^[„-,,„...^,.^,,[o,,J o td){T' o 

Pin3n-l+l,w'"~21in-l 

•••'S'ji+l,w[0]t^^C?"' ^)(PnT^ ° Pjn-l^j„-2 + iM"-^K-2---^jl+l,wmi'^^'^ ^) 

...(P„...P2Tiop,.^zd)(,4"l)| 

for each j e N, where Zq £ N is a marked number, sq = •So(i) £ N, each wl*^' 
corresponds to marked Wq, ...,Wn-i, while r],r]o, ...,r]n-i € K^~^ are marked 

vectors for -u, where w®^ := {w, w) € X®*^ for w G X and A; G N. 

Take a function -0 G C°°(K,K) such that '0(x) = 1 for |x| < |7r| and 
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iIj{x) = 0, when > |7r|, for example, locally constant function, where 
TT G K, < |7r| < 1. In particular, the characteristic function of B(K,0, \n\) 
is locally analytic, since K is totally disconnected with the base of its topology 
consisting of clopen (closed and open simultaneously) balls, where B{X, x,R) :— 
{y G X, p{x, y) < R} for a topological space X metrizable by a metric p. It 
is proved further that such ijj after definite scalings suits construction below. 
Define now the functions 

iJ-jih) jx)/Tj), where 

Cjih) := [r,-^o+9Efci,fe2=oEii";»2=i iui2akiMhi'hi^] such that Cj{0) = rjZo 
and put 

u{x) := EJLiUjix), 
where x = {xi, ...,Xb-i) G K^^^, each ij^^i^cikiM ^ is marked, Cj G K\{0}. 
Choose rj G N, jXi,Tj G K later on. All uj have disjoint supports, hence 
the series is convergent, u is of class C^°°^ := fl^i C*'"^ in K \ {zq}. 

Consider the sets Aj := {j G N : jti = 0}, then either card(N\Xi) = or 
card{\i) = Kq or both cardinalities are Kg. Consider intersections Air\...r\An, 
where = Aj or = N \ Aj. The union of all such finite intersections is 
N. Therefore, one of these intersections is of the cardinality ^^o- Thus, 
there exists a subsequence : / G N} such that stj{i) = for each / 

and every s G {ii,...,ir} and stj{i) 7^ for each s G {!,... ,n} \ {z'l, .... i,.}, 
where < r < n. After the enumeration we can consider a sequence with 
such property. For such a sequence we can choose a subsequence which after 
enumeration has the property: 

(8) I j+iti\ < |7r|^(^')| jti\ and 

(9) Inl'^j'^bj+i > bj for each j G N and i G {1, ...,n}, 
where s{j),r{j) G N are sequences specified below; 

Pj,id){ 

or with analogous Properties (8, 9) for A^f instead of -B"/. 

Now choose rj and cj such that lim^^oo CjT^'^ — for each 5 G N, for 

example, cj = Tj , where limj^oo^j = 0, \Tj\ > \Tj^i\ for each j, Tj 7^ for 
each j. Then choose rj G N such that maxJL;^(| rjti\) < \cj\ and | rjZo\) < \cj\ 
for each j and limj^oo |c"T"'/( rj-ZcT')! = Take jX G K^~-^ such that 
jXi = {tt^^ J2k=i Tk) + Tj, where tt G K, < |7r| < 1, z = 1, 6 — 1. Since 
\Tj\ > |Tj_|_i| > for each j G N, then | jX — j+ix\ = |Tj+i + Tj{Tr~^ — 1)| = 
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\-n'^Tj\ > \Tj\ and | kX - k+ix\ > min(| fcX - k+ix\,\ fc+ix - fc+2x|,...,| jX - 
j+ix\) > min(|Tfc|, \Tj\) for each k < j, consequently, B{K.^~^, kX, |Tfc|) n 
B(K^~^, j+ix, |T!,+i|) = for each k < j, hence supp{uj) fl supp{uk) — for 
each k < j. Take so(j + 1) > So(j) + J + 1 and |7r|^o(^+^) < \qj\ < < \ti\^°^^^ 
and r(j) > So{j)2n and s{j) > So(j) for each j, where Iq is such that < 
|7r|'o < 1/2 (see also (6 - 9)). 

Denote yo := linij^oo jx. Then u is of class C^°°^ or in a neighborhood 
of zq. To prove this we show, that T'^u{z^''^) or ^'^u{z'^''^) tends to zero as 
2; tends to zq = 0, where jz'^'l < e or < e, since then for |ii| > e, or 
• ••• > €. \v^'^^^^ \ < 1 the continuity will be evident. For this we use Lemma 
15. Mention, that ||T'^-?/'(,x) ||^()(-3(-k:[9],o.r),k) < ^ fo^ each q and each R> 0. 
Indeed, max^-^K |'*/'(^)| = 1 so that T^ip is bounded for q = 0. For g = 1 we 
have T^ip{x, v, ti) ~ for max(|a;|, |a; + wti|) < |7r| or min(|a;|, |a; + i;ti|) > |7r|, 
T^ip{x,v,ti) — 1/ti for either \x\ < |7r| and |x + 1)^11 > |7r| or \x\ > |7r| and 
|a; + i'til < |7r|. Since we consider the domain < R, then < R, 

consequently, \\'^^'ip{x)\\QO(^B{KKfl,R),K) — -Rl^l""*") since < iTrl^-*-/? in the 

considered domain, when T^ip{x,v,ti) 7^ 0. The function T^ip{x,v,ti) is the 
product of the locally constant function by variables (x, v) and the function 
1/ti with \Tr/v\ < \ti\ < R, when this function is nonzero and v ^ 0, hence 
|7r|/-R < \v\ < R, that is |vr|/i? < < R, where T^ilj{x,0,ti) = for each 
X and ti. Evidently, by induction that T^ipix^"^) is in CO(S(kM, 0, i?), K) 
with the finite norm ||T«^(xM) ||c.o(B(KM,o,i?),K) < < {q + l){R/\7T\Y 

with Vq = 1 and C := limq^oo[(g+ l)(i?/|7r|)^]^/^^"'"^) for non-scaled 'tp for each 
g e N and each R> 1. In general for scaled i/j put Vq :— min^^^ \Tj\ > 0. At 
the same time for each x with \x — jx\ < \Tj\ and \v^''^ < R and \tk+i\ < R 
for each k — 0, ...,n — 1 in accordance with Lemmas 4, 12, 15 and Corollary 
13 

(10) |T%(,tM)I < (max(l,i?2))|c^,||T^.|-9C'rV-'' 
which tends to zero as j tends to the infinity, since Cf'^^ < (g + 
< \Tj+i\ < \Tj\ for each j and lim^^oo Cj^'^-^'^ — for every /3 e N, where 
R>1. 

If each term in Formula 9(1) OR 10(1) would be locally bounded, then 
$"(/ o u){ r-X^"^) or T"(/ o ?i)( ,f.,a;["l) would be locally bounded. Since each 
|,fcy '^kj -g ^QQa^^y bounded for /c < n by our supposition above, then 
from Formula 9(1) or 10(1) and the condition lim^^oo |CjT"^/( rj^cT^)! = 00 
or hmj_>oo |c"l»"'/( rjZo^^)\ = 00 it follows, that there exists a term or a finite 
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sum of terms of the type 

which absolute value tends to the infinity for a particular set uj of indices 
(ji, ■■■,jn) and a subsequence { nX^"''^ '■ j G N} or analogously for B^f o u 
instead of A^f o u. But this contradicts supposition of this lemma in view 
of Lemmas 9, 21 and Corollary 10. Therefore, T"/ or respectively is 
locally bounded. 

28. Remark. Though u G C°°(K,K''), but u is not locally analytic in 
general, since the sequence {xj : j} converges to 7/o G K and u has not a 
series expansion in a neighborhood of yo with positive radius of convergence. 

29. Definitions. Let (p : (0, oo) (0, oo) be a function such that 
hm^_>o (l){q) — 0. By either K(0) or K(ii, 0) we denote the K-hnear space of 
all functions / : K'" K such that for each bounded subset U in K"^ there 
exists a constant C > such that either 

(1) \f(x + y)-f{x)\<C<j){\y\), 
when X & U and x + y & U or 

(2) |/(x + i.i)-/(x)|<C(/)(|i|), 

when X & U and a; + e U respectively, where u G K™ is a nonzero 
vector. In the particular case of 0(g) = q^, where < w < 1, we also denote 
K{q^) =: Lipiw) and K(-u, g"") =: Lipiu.w). 

Then we denote by CM'"'(K™,K) or C|"](K™,K) or C"'"'(K™,K) or 
C^(K'", K) the K-linear space of all functions / e C["1(K™, K) in the first 
and the second cases or in C"*(K'",K) in the third and the fourth cases 
such that G Lip{w) or /W(xW) e K(0) or e Lip{w) or 

i>"/(,T(")) G K(0) respectively. 

30. Lemma. Let suppositions of Lemma 27 be satisfied and more- 
over T"(/ o m) G K(0) or !'"(/ o m) G K(0) for each u G C[°°1(K,K'') or 
C'|°°^(K,K^) or^i G C°°(K,K^) or C6°°(K, K''), then T"/(a;'''l) e K(v,0) or 
^njj-^(n)^ G K(f,0), t(;/iere v is a marked vector v G (K'')!"'] or v & (K'')^"), 
where x G K^, a;'"] G (K^)["l or a;*^"^ G (K^)'^") correspondingly. 

Proof. Without loss of generality it can be assumed, that the function 
is subadditive and increasing taking 

0i(g) := inf {ELi '■ ELi > q,qk > 0}, which is the largest 

increasing and subadditive minor ant of 0. For the subadditive and increasing 
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(f) there is satisfied the inequahty: 

(1) 0(ge)<0((l + [g])e)<(l + g)0(e) 

for each e > and g > 0, where [q\ denotes the integral part of q such that 
[q\ < Q- 

If 5* is a family of vectors such that it spans and / belongs to K(-u, 0) 
for each u E S, then / G K(0), since 6 G N and \f{x + y) — f{x)\ = 

\f{x + y)- f{x + 1/262 + ... + l/foCfe) + f{x + 1/262 + ... + l/foCfe) - f{x + 1/363 + 

... + ybCb) + ... + f{x + ybCb) - f{x)\ < max(|/(a; + y) - f{x + ^262 + ... + 
ybeb)\, \fix + 1/262 + ... + ybCb) - fix + 1/363 + ... + ybeb)\, \f{x + ybCb) - 
/(x)|) < C max(0(|i/i|), 0(||/;,|)) < C(t)(\y\) due to increasing monotonicity 
of and the fact that \y\ = max(|i/i|, \yb\), where y = yiCi + ... + ?/f,6f,, 
1/1,. ..,2/6 G K, 6j = (0, 0, 1, 0, ...) G with 1 on the j-th place and up 
to a K-hnear topological automorphism of K** onto itself we can choose such 
basis as belonging to 5", j — and C > is a constant. 

Let us assume that for some point the statement of this lemma is not 
true. We can suppose, that this is at = (0, ...,0) G (K^)'"! or x^'^'^ = G 
(K^)*-") respectiyely making a shift in a case of necessity. Then there exist 
sequences hk > 0, hk E K, hk 7^ 0, fc^I"] G (K'')'"! such that liuik^^bk — 00, 
hmfc^oo hk = 0, hmfc^oo fc-z'"' = and 

(2) |T"/( + hkv) - T«/( > h(P{\hk\) or 
(2') fc^^"^ + hkv) - <!"/( > 

with limfc^oo fe^;*-""-* = respectiyely, where 7^ v G (K**)'"] or 7^ v G (K'')^") 
correspondingly. A; = 1, 2, 3, .... Let the functions u and uj be as in the proof 
of Lemma 27. Choose rj G N such that | ^^^0! < liraj^^ \cj\"'~^^brj = 00, 
\hr.\ < \7rCjTj\. Thus -u G C°°(K,K^). Now proye that at least for large 
j' G N there is accomplished the inequality: 

(3) |T"(/oM)(^-a;M+ jz/M) - om)( ^-x^)! > Kc^'^^r.^d 

or 

(3') |$"(/oii)(^a;H+ ^■i/H)-$"(/oii)( j-x^"))! > \nc]+%.(l){\ ^-i/W |)|7r|'o, 
where | jZ/["l| = l/i^ f /cj| or | jZ/*^"^| = f /cj| with Cj 7^ for each j. Take 
without loss of generality \v\ = 1. Together with the condition limj_^oo |cj|"'''^^'r- — 
00 this will complete the proof. If \h\ < |7rTj|, then 

{4:)uj{h)= r^zo + Cjj:l,,k2=oT,t,i2=i h,i2aki,k2hi'hi^ with Uj{0) = r,zo. 
In formula 9(1) or 10(1) all terms with an amount of operators A^^^ifc-i]^^^ 

or Bj^^ik-i]^^^ in it less than n are in C^\'K,K.). As in Lemma 27 reduce 

the consideration to T"/( k^^^^) or ^"/( fe-z^"^) with prescribed fixed vectors 
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wq.ivi, ...,Wn-i with = tiW'^ = wq and t't'^l'* = wi for each 2'^"^ < « < 2', 
where / = 0, 1, /c and /c = 0, 1, n — 1, vectors i;^''']'' G are formed from 
after excluding all zeros arising from vf^ — 0, or v — (wo,...,Wo) with 
jfc^^"^ = ( jk^o;^'; kt) respectively, where = ( kh, fetn) G K". In view of 
Lemma 16 we can consider the case (b — 1,6) instead of (1,6). Thus, from 
Formulas (2,4) and 12(2) it follows, that there exist expansion coefficients 
ii,i2^ki,k2 ^ with I ii,i2'2fei,fe2l ^ 1 for sach ii,i2,ki,k2 and there exists 
jo e N, for which 

(5) |T"/ o u{ j-xM + ji/N) - T"/ o u{ jxM)| > |7r|'»+^°|?j|'* 
|TV( r/o^ + h,v) - T"/( r,zt^)\ > K^\c]\<P{\c^ .u^^^M^ 

(5') 1$"/ o u{ jxM'^ + jZ/(")) - o u{ ja;("))| > |7r|^o+"o|gj|" 

for each j > jo, since |z/j| < |7rTj|, where /q G N is a marked natural number, 
jTi, i — 1, ...,n are parameters corresponding to ti, ...,tn, but for the curve u 
instead of /. There exists jo G N such that \cj\ < min(l, IttI"-*^ — 1) for each 
j > jo, where 7rGK,0<|7r|<l. In view of Formula (1) for each j > jo 
we have 0(| jZ/W|) < (1 + \cj\-^)(j){\cj jZ/M|) < |7r9|-V(l9 jJ^''"'!)- Therefore, 
the latter formula and Formula (5) imply Formula (3). 

31. Lemma. Let f be a function / : K — > K such that /(O) = and 
1/(^)1 < 1 for each i G K such that \t\ < \q\a, where q and a are constants 
such that g G K, |g| > 1, a > 0, and assume that 

(1) |/(gt)-g/(t)| <max(6,Ci|tr) 

for each t G K with \t\ < a, where 0<r<l,b>0 and Ci > are constants. 
Then there exists a constant C2 > such that 

(2) |/(t)| <max(6,C2|tr) 

for each t G K with \t\ < \q\a, where C2 = max(a~^, |q'|~^a''Ci|g|~^). 

Proof. If t G K is such that a < \t\ < \q\a, then Inequality (2) is satisfied 
with C2 = a^'', since |/(t)| < 1 for such t. Now suppose that < |m| < a 
and Inequahty (2) is satisfied for t = qu, then 

\q\\f{t)\ < maxQ f{qt)\,b,Ci\u\'^) < max(6, Cslg?/^ Cil^/H 
= max(6, max(Ci, C2|q'|'')), hence 

\f{t)\ < |g|-imax(6,a'^max(Ci,C2|gr)) <max(6,C2|tr) 
for C2 = max(a^'', |q'|^^a''Ci|g|~''), since C2|?r — ^i- other hand 

S(K, 0, |q'|a)\{0} is the disjoint union of subsets -B(K, 0, |gpa)\S(K, 0, |gp~^a) 
for j — 1, 0, —1, —2, .... Therefore, proceeding by induction by j we get the 
statement of this lemma, since /(O) =0. 
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32. Lemma. Let ^2 be a finite set of vectors v G K™ which are pairwise 
K-linearly independent, card{Q) > m and each subset offl consisting not less 
than m vectors has the K.-linear span coinciding with K.'^, where m>2 is the 
integer. Suppose that for each v there is given a function g^ : K"* — > K 
such that: 

(1) |5't.(.x)| < 1 for each x G with \x\ < R, 

(2) \gv{x + tv) — gv{x)\ < \tY for each x,x + tv & K™ with \x\ < R and 
\x + tv\ < R, where i G K, 

(3) I Hv€q{9v{x) — gv{y))\ < b for each \x\ < R and \y\ < R, where R and 
h are positive constants, < r < 1. Then there exists a constant C , which 
may depend on (r, Vl) such that 

(4) \g^{x) - gy{y)\ < Cmax(6, \x - y\'') 

for each x,y & K"* such that \x\ < R, \y\ < R and each v G Jl. 

Proof. Prove this lemma by induction on a number n of elements in 
Q. For n = m = 1 Inequality (4) is the consequence of Inequality (2). For 
n = m > 2 vectors Vi,...,Vm by the supposition of lemma are K-lincarly 
independent. Then for each x,y E there exist ti,...,tm G K such that 
X ^ y + tivi + ... + tmVm- If \x\ < R and \y\ < R, then S(K"*,0, i?) = 
S(K™, X, R) = i?(K"^, y, R) due to the ultrametric inequality. On the other 
hand, i?(K™, 0, R) is the additive group, hence y — x G i?(K"^, 0, R). Vectors 
Vj have coordinates Vj = (f j, i;™), where G K, consequently, \vj\ = 
max(|t;j|, Thus, \x - y\ = max(|tiwj + ... + tmvl^\, {tiv"^ + ... + 
tmvlnl) < niax(|tit;i|, Choose ii, such that \y + tiVi + ... + 
tkVk\ < R also for each k = 1, ...,m. Therefore, 

\gvj{x)-gvj{y) \ = \gv,ix)-g^.{y+tiVi + ...+tra-inrr,-i)+g^^{y+tiVi + ...+ 
tm-iVm-i)-----gvj{y+tiVi)+gv/{y+tiVi)-g^^{y)\ < max^L^ \gv,{y+tiVi+...+ 
tkVk)-gvj{y + tiVi + ...+tk-iVk-i)\ < max(6, \tm\'') < max(6, \x-y\'') 

for each \x\ < R and \y\ < R as the consequence of Inequalities (2) and 
(4) and the ultrametric inequality for each \x\ < R and \y\ < R, since 
j = l,...,m. 

Further proceed by induction on n. From the preceding prove it follows, 
that the statement of this lemma is true for n = m. Put f2 = U {w}, 
where w ^ fto and all elements of fl are pairwise linearly independent over 
the field K. Assume that the assertion of this lemma is true for and prove 

it for fl. For v E Qq denote hy{x,u) = h„{x) = g^{x + uw) — gv{x), where 
\x\ < R, and \x + uv\ < R. For these values of x and x + uv the function hy 
satisfies Conditions (1, 2). On the other hand, from (2) for v = w and (3) 
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I Y^venSf^vix) - K{y))\ < max(| EvGn{9v{x + uw) - g^{x))\, \ Even{9v{y + 
uw) - gv{y))\: \gu,{{x + uw) - gn,{x)\, \g^{y + uw) - gu,{y)\) < max(6, 
for each \x\ < R, \y\ < R and \uw\ < R. Thus, : v e Qq} satisfies 
Condition (3) with max(6, \uY) instead of h. By the induction hypothesis 
there exists Ci = const > 0, which may depend only on fig, r and R such 
that 

(5) \K{x) - hy{y)\ < Cimax(6, \x - i/H 

for each \x\ < R, \y\ < R and \uw\ < R and v e JIq- Take y — x — {q — l)uw 
with g G K, |g| > 1, hence Iq' — 1| > 1 and Inequahty (5) will take the form: 

(6) \gy{x + quw)—gy{x+{q — l)uw)—gy{x+uw)+gy{x)\ <Cimax(6, — 
!)«!'', \{q — l)uw\^) < C2 max(6, 1^1^), 

when \x\ < R, \quw\ < R and v G Qo, where C2 > Ci\q — l|''max(l, \w\^). 
Now set s{u) := gv{x + uw) — gv{x) for i> G JIq and from (2) and (6) and the 
ultrametric inequality it follows, that 
\s{qu) — qs{u)\ < C2max(6, ImH, 
when \quw\ < R. In view of Lemma 19 

(7) \s{u) \ = \gv{x + uw) — gv{x)\ < C3max(6, 

for each \uw\ < R, \x\ < R and v G JIq, where C3 = max(a~'', \q\~'^a'^C2\q\~^). 
Interchanging roles of w and one of f G JIq we obtain (7) with w in place of 
V, that is, (4) is proved for each v E Q. 

33. Corollary. Letvi,...,Vn be pairwise K.-linearly independent vectors 
in K™ and each subset consisting not less than m of these vectors has the K- 
linear span coinciding with K'" and let gk be locally bounded functions from 
K"* into K, < r < 1. If gk & Lipiv^^r) for each k and J2k=i9kix) — 
identically by x E K™, then g^. G Lip{r) for each k. 

Proof. If c G K, c 7^ is small enough, then the functions cgk satisfy 
assumptions of Lemma 32 with 6 = 0. 

34. Reiiicirk. We can mention, that apart from the classical case over 
R this lemma is true also for r = 1 due to the ultrametric inequality, which 
is stronger than the usual triangle inequality. 

35. Definition. Let v E K.'^ and v ^ 0. We say that a function 
/ : K'' — > K is continuous in the direction v if /(a; + tv) converges to f{x) 
uniformly by x on bounded closed sets as t tends to zero. 

Mention that in a particular case of a locally compact field K a bounded 
closed subset is compact. 

36. Lemma. Suppose that f G C°(K'',K) andT^f{x,w,t) is continuous 
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or uniformly continuous on V^^'^ in the direction f '^1 with f 2 7^ and ^3 7^ 0, 
w/ierel/W := {{x,v,t) e f/W : \v\ = I}, U IS open m 

is continuous or uniformly continuous by (x.t), {x,v,t) e C/W or {x,v,t) e 
y'-^l respectively. 

Proof. Assume the contrary, that T^f{x,V2\t) is not continuous by 
{x,t). Making a shift in case of necessity we can suppose that f{x,V2\t) 
is not continuous by {x, t) at or is not uniformly continuous on V^^^l. There- 
fore, there exists a sequence {x^ G (K^)I^] : n e N} such that |T^/(xW) — 
T^/(0)| > e for each n or with e yl^l instead of and a family of 
sequences parametrized by Xg' and sup^jii^^fy |T^/(xW) — T^/(xo^)| > e cor- 
respondingly, where e > is a constant, = {xn, 4^', t^), hm^^ool^^n, ^n) = 
Xq'. But in accordance with Definition 21 there exists 5 > independent of 
n such that |T7(4il + ^;Wt) - T7(^;Wt)| > e|7r| or sup^w^^f, |T7(4'' + 

v^r) — T^f{v^^W)\ > e\7i\ for each n and each r e K with |t| < 5. On the 
other hand, T7(x„ + t;fV, w^ + vfV, t„ + vf V) - T7(t;Wr) = + + 
K + 4'V)(t„ + 4'^T)) -/(a;. + t;fV)]/(i„ + 4\) - [/(4''t + 4'V4\) - 
/(vf r)]/(4^'T), where w„ = 4^'- But 

lim„^oo[/(Xn+4'V+K+4'V)(t„+4''T))/(t„+4''T)-/(4'V)/(4\)^ 

and 

lim„^oc[/(:^n + v?T)/{t^ + 4\) - /(4'V)]/(4''t) = 
for 4^'''' 7^ pointwise or uniformly respectively. If v^^t = 0, then T^/(x„ -|- 
4\,m„ + 4\,i„ + 4\) - TV(^;Wt) = T7(x„ + 4'V,«;„ + 4\, 0) - 
T^/(vfV, Wn -|- 4^'''") 0)) but the latter difference tends to zero as r tends to 
zero uniformly by n or also uniformly by the family of sequences parametrized 
by Xq^ respectively in accordance with the supposition of lemma. Thus we 
get the contradiction with our supposition, hence T^f{x, 4^') ^) is continuous 
or uniformly continuous by {x, t) correspondingly. 

37. Definition. Denote by either c|"J(C/, Y) or C^,6(C/, Y) spaces of all 
functions / e d^\u,Y) or / e C^(U,Y) such that /^(xt*^!) or l>7(x(*^)) 
is uniformly continuous on a subset either V^''^ :— {x^''^ e U^''^ : \v^i^\ — 

1; I ivl^^t„+i\ < 1, |4''l < 1 V/, q} or := {x^ G C/« : \vj\ = 1 Vj} for 

each k = 0,1, ...,n with finite norms either 

II/IIm := II/IIn,<^ •= max(C,sup;^^o^, or 
ll/lln := ||/||n,0 := max(C, supfc=o,...,n;a.WeW*) |$7(a;(''^)|), 
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where < C < oo is the least constant satisfying 29(1) or 29(2) for T"/(a;t"'l) 
or $"'/(a;("''') respectively instead of /. For (j){q) = we denote C'^^\u,Y) 
by CN.'^([/,y) and C;b(t/,r) by C;''{U,Y), < r < 1. For r = we 
put CN.o = CW, ci"^'° = ci"l and C"'° = C", C^"'" = C^, with C = 
in the definition of the norm. As usually C^°°^{U,Y) := r\tLoC^''KU,Y) 

and C^{U,Y) := 0^=0 C"=(f/, y) and Cf](C/,y) := nT=oCP{U,Y) and 
C~(f/,F) := nT=oCbiU,Y), where the topology of the latter two spaces 
is given by the family of the corresponding norms. 

In the case of a locally compact field K and a compact clopen (closed 
and open at the same time) domain U we have CP{U,Y) = C^''\U,Y) and 
Cft(C/, y) = C''{U,Y), though for non locally compact K they are different 
K-linear spaces. 

38. Theorem. Suppose that f : K'""' ^ K, m e N and f ou e Q(K, K) 
or foue Q,„(K,K) or fou e C'^\k,K) or f o u G Cft (K,K) for 
each u G C°^(K,K™) or u e Ct^(K,K™) or u e C[^1(K,K™) or u e 
6*5°°' (K, K"^), where s is a nonnegative integer, (j) : (0, oo) (0, oo) such that 
limy^o0(y) = 0, thenfe C^(K™,K) or / e Cl{W^,K) or f e CH(K'",K) 
or f & C|''^(K"*,K) respectively. 

Proof. In view of Lemma 21 it is sufficient to prove that 
<l"/(x;e,(i),...,e,(„);ti,...,y is in C^{U^;il,„,^^yY) or CO(V^^,...,^.(„), F) or 

T-/(:x["l) is in C\uf^^_^^^yY) or ^^(i//;] F) respectively for each 

n = 1, 2, s and each j{n) G {1, .... m} or j{i) G {1, m(i)}, i = 

0, 1, n. If T^+^Z or $™+^/ is locally bounded, then T™/ or is contin- 
uous respectively. Applying Lemma 27 by induction we get that T"/(a;["^l) is a 
locally bounded function on (K"^)["l and ^^f{x^'^^) is a locally bounded func- 
tion on (K™")*^"). In view of Lemma 30 each T'^/(a;[^l) or f[x^^^) is continu- 
ous in each direction v for each k = 1, s, where v G (K™')''^] or f G (K™)*^^) 
correspondingly. On the other hand, by induction on k we have that in accor- 
dance with Lemma 36 T'^/(a;''^^) or $*^/(a;; ej(i), ej(fc); ti, tfc) is continu- 
ous on C/j^Qj ^^^^ or Uj'^l^ ^^^^^ or bounded uniformly continuous respectively 

W(o),...j(fc) ^ifiL.jXfe) bounded C/ for each j{l),...J{k) G {l,...,m} 
or G {1, m{i)} for all i = 0, 1, A;. 

39. Theorem. Let f : K"^ ^ K"", m,n E N. Lei also f o u E 
C^'^(K,K'^) or fou E C'/{K,K'') or CW''-(K, K") or cM'"(K, K'^) /or 



32 



eachu E C°^(K,K™) or u e Q°°(K,K™) orCM(K,K™) or Cr\'K,K"') 
correspondingly, where s is a nonnegative integer, < r < 1, then f e 
C^'^(K"*,K") or f e C6''^(K"^,K") or CM''^(K"^, K") or cf^'''(K"*, K") re- 

Proof. If s = and < r < 1, then the assertion of this theorem follows 
from Lemmas 27 and 30. For r > by Theorem 38 / G C*(K™, K") or / G 
Cft"(K™,K") or CW(K™,K") or ci''(K'^,K") respectively. From Lemma 21 
we infer, that it is sufficient to prove that $"/(a;; ej(i), ej(„); ti, t„) is in 
^°''^(^jS,....(„),>^) or or T"/(a:N) g C°-(f/j3),...,^,„), F) 

or C^'^{vj^fl^ -f^^y Y) respectively for each n— 1,2, s and each ...,j{n) G 
{1, ...,m}, G {1, ...,m{i)}, i = 0, 1, ...,n. Prove this by induction by n. 
For n = it was proved above. Let it be true for n = 0, k and prove it for 
n = k+1 < s. For this consider Formula 10(1) or 9(1). On the right hand side 
of it all terms having a total degree of / by operators B or A less than A- + 1 
are in C°''-(C/("), F) or C°'"(y("),F) or C^'''{U^''\Y) or C^''' (!/("), F) respec- 
tively by the induction hypothesis, since u G C°°(K, K"*) or u G C^(K, K™) 
or C[°°I(K,K™) or c|°°^(K,K"^) correspondingly. Therefore, it remains to 
prove, that the sum 

^(i) [Eil,...,i„(%,^(n-l),^„•••5Jl,^,(o),^l/ o m)($^ ° Pi„'S'j„_i+i,^,(u-2)i„_^ 

IS m CO''- ([/("), y) or C°'''(V"("),F) or corresponding sum by compositions of 
Aj^^^ik-i]^tk is in C°'''(f/["^ y) or C°'''(yM, F) respectively. In accordance with 
the proof above it is sufficient to demonstrate this for t)("~^) = (e,(i). ej(„)) 
for each j(l), j(n) G {l,...,m} or w'*' = ej(j) with j(i) G {l,...,m(i)} 
and i = 0,1,.. where Vq^ = Vi^i = ej(;+i), / = 0,...,n — 1. By the 
induction hypothesis ¥f{x; cj^i), ej(^iy,ti, ...,ti) is in C°''' (?/][}) F) or 

C'/{vj;^,,...„,yY) or T7(xW) G CO.^(t/]?o),...„(o->^) or ivjli'^,,,Y) re- 
spectively for each I — l,2,...,k and each j(l), j(/) G {l,...,m}, j(i) G 
{1, ...,m(i)}, i = 0, In view of Corollary 18 and Lemma 32 functions 

^"/(a^; e^d), ej(„); ii, t^) or T"/(a:;'"') belong to Lip{v, r) by (x, ti, t„) 
or G .(„), where = (e,-(„); k) G G K™, = (0, 0, 1, 0, 0) G 

K" with 1 on the A;-th place, or v = (ej(o), ej(„); Z^) with ej(j) G K™"*^*) re- 
spectively. By Corollary 18 each $"/(x; Covi), e,(„); ti, t„) or T''/(a;["])L[n] 

j(0),...J(n) 
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belongs to Lip{r) by (x, ti, t„) or in addition bounded uniformly lips- 
chitzian on V^p}. or vM respectively. In accordance with Lemma 
21 this proves the theorem. 

40. Theorem. Let f : K"* ^ K^, m G N. Suppose also that f o u E 
C°°(K,K) or f ou E C~(K,K) or C[°°](K,K) or d^\K,K) for each 
u e C°°(K,K™) oruE C^°°(K,K'^) or CM(k,K™) or c1°^'(K, K™), then 
f e C°°(K"*,K^) or / e Cj~(K™,K') or C[°°](K'", K') or C[°°'(K™, K^) 
re5|?ec^ive/y. 

Proof. Apply either Theorem 39 for each s e N and r = or Theo- 
rem 38 for each s e N and (f){q) = (f with < r < 1, since C*'''(C/, y) C 

C^+i(f/,F) and C'/{JJ,Y) C Cfe*+^(?7,y) and C~(f/,y) := n~=o C'^l^, 
and C,°^(f/,y) := {X^^^CliJJ ,Y) and CM([/,r) := <^'^^^C^^\V ,Y) and 

c;~i(f/,F) :=n^=oC^i"'(f/,>^)- 

41. Theorem. Let hj{y) be C^(K,K) functions such that 

(1) /ij(0) = for each j — 0, 1, m, 

(2) limo^2/-*o hj-iiy) /hjiyY = /or eac/i n G N and j = 1. .... m, 

(3) limo^j/^o hm{y)/y'^ = /or e?;er?/ n G N. Put h{y) = {hi{y), hraiy)) 
and suppose that g G C°°(K'', K) is not identically zero and g{x) = for each 
\x\ > 1. Define f : K'"+-^ —>■ K by the formula: 

(4) /(x, y) = ^((x - h{y))/ho{y)) for each y ^ and x E K^, f{x, 0) = 
for each x. Then f o u E C°°(K"*,K) for each locally analytic function 
u : K™" j^m+i^ J j^g discontinuous. 

Proof. First demonstrate that / is not continuous at (0,0). We have 
/(x, 0) = 0. But take a sequence {xmyn) such that lim„^oo(a^n, 1/n) = with 
e < |(x„-/i(y„))//io(z/n)| < 1 and \g{zn)\ > S with := {xn- h{yn))/ho{yn): 
which is possible since limo^^/^o \ h{y)/ho{y)\ — oo and g is continuous and 
non zero, where e > and S > are constants. For this sequence we 
have \f{xn,yn)\ ^ ^ for each n. But for the sequence {xn,yn) such that 
\{xn - h{yn))/ho{yn) \ > 1 we have /(a;„, = 0, since g{zn) = for \zn\ > 1. 
Thus / is discontinuous at (0, 0). 

Now take a locally analytic function u : — > K'""'"^ and consider the 
composition f ou. Take a nontrivial analytic function w{x,y) from a neigh- 
borhood of zero in K™+^ into K such that w o u{y) = in a neighborhood 
of I/O G K™, where m(|/o) = 0. Prove that for functions hj{y) satisfying 
Conditions (1 — 3) there exist constants C > and S > such that 

(5) \w{x,y)\>C\ho{yT, 
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when \x — h{y)\ < \ho{y)\, < |y| < 6. If prove (5). then from {x,y) = u{t) 
for t in a neighborhood of yo it follows, that w{x, y) = and by (5) we have 
that \x — h{y)\ > \ho{y)\, hence f{x,y) — 0. 

Consider an analytic function q from a neighborhood of zero in K' into 
K. Then we can write it in the form: 

(6) q{x) = Xys{x2, xi) + Xi'^^r(x), 

where s and r are analytic functions and s is not identically zero, 1 < I < m, 
x,,...,xi e K. Then |g(%))| > \h,(y)\''{\s{h2{y), ...,hi{y))\ - C\h{y)\) > 
My)\KC\h2{yT - C\h{y)\) > C|7r/ii(|/)|^+" 

for each y with < \y\ < 6 with suitable 6 > and n G N, where vr G K, 
< |7r| < 1. Then induction by / gives from (6) that for an arbitrary 
nontrivial analytic function q from a neighborhood of zero in K™ into K 
there exist constants C > and 5 > and n G N such that 

(7) \qih{y))\ > C|/ii(y)r for each < \y\ < 5. 

In particular, from (7) it follows, that there exist C > 0, S > and n G N 
such that 

(8) \w{h{y),y) \ > C|/ii(i/)|" for each < \y\ < 6. 

It remains to show that (8) imphes (5). Take C > so large that 
\gradxw{x,y)\ < C in some neighborhood of zero and assume that \x — 
h{y)\ < \ho{y)\. Then there exists 5 > such that \w{x,y)\ > \w{h{y),y)\ — 
C\x - h{y)\ > C\hi{y)\'' - C\ho{y)\ > C\nhi{y)\'' for each < \y\ < 6. Thus 
/ o M = in a neighborhood of each point yo G such that m(|/o) = 0. 

For example, we can take either hj{y) = J^nO^n'^^ {m-j+i)+n ^^^^i y — 
X^„a„7r" G K, where a„ G K belong to the finite set of representatives 
of distinct classes in the finite factor field i?(K, 0, l)/i?(K, 0, |7r|), tt G K, 
< |7r| < 1, Kisa locally compact field of zero characteristic and |7r| is 
the largest generator among those less than one of the valuation group Fk 
of K, or hj{y) = En «n^"'^'"~^'+^^+" for each y = E„a„^" G Fpfc(^), where 
Qn G Fpk, p is a prime number, /c G N, Fpk{6) is a locally compact field of 
characteristic char{Fpk{9)) = p > 0, Fpk is a finite field of p'^ elements. 

42. Theorem. There exists a discontinuous function f : K™ K such 
that f ou E C°°(K"^~^, K) for each locally analytic function u : K™~^ — > K*, 
where m>2. 

Proof. This theorem follows from Theorem 41. Another its proof is 
the following. Let / G C°°{K} \ {0},K) and let / be non constant with 
f{xi,X2) = 0, when X1X2 = 0. For simplicity let K be a locally compact 
field of zero characteristic. Take an analytic function : K — > K such that 
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\iTa\y\^^ g{y) = 0. Such functions exist due to Example 43.1 of Section 43 
in [19]. Moreover, they can be chosen such that \g{y)\ < for \y\ = \n\~^ 
for each j — 0, 1, 2, ... and a sequence {cj > : j}, which in particular may 
also tend to zero. Then consider the function g{l/x2) and put h{xi,X2) : = 
f{xi,g{l/x2)), where / is homogeneous of degree zero. Since / G C°°(K^ \ 
{0}, K) it remains to show that f o u E C°° in a neighborhood of y = 0, if 
u{0) = (0, 0). If Ml coincides with zero, then h is identically zero. If Mi(0) = 
and ui is not identically zero, then due to analyticity there exists k e {1,2,...} 
such that Ui{t) = t''vi{t) and Vi is locally analytic and fi(0) ^ 0. From 
^2(0) = it follows that g{l/u2{t)) = t^V2{f^, where V2 is locally analytic 
and ^2(0) = 0. We can take, for example, = |7rp . Since /(xi,0) = and 
/ is homogeneous of degree zero, then h{ui{t) , U2{t)) = f{t''vi{t),t'^V2{t)) = 
f{vi{t),V2{t)) for each t e K. Since Vi{0) ^ 0, then / o it e C°° in a 
neighborhood of zero. 

43. Remark. In the non archimedean case analogs of classical theorems 
over R such as 3 and 10 [2] are not true due to the ultrametric inequality 
for the non archimedean norm, and since if a function / is homogeneous, 
then need not be homogeneous for A; > 1. Theorem 2 from [2] in the 
non archimedean case is true in the stronger form due to the ultrametric 
inequality (see Theorem 38 above). The notion of quasi analyticity used in 
the classical case in [2] has not sense in the non archimedean case because 
of the necessity to operate with f instead of j . It leads naturally 
to the local analyticity in the non archimedean case. In the latter case the 
exponential function has finite radius of convergence on K with c/tar(K) = 0. 
Therefore, in the proof of Theorem 40 it was used specific feature of the non 
archimedean analysis of analytic functions for which an analog of the Louiville 
theorem is not true (see also [19]). 

Using the particular variant of Theorem 38 with s = r = it is easy to 
prove the following theorem. 

Theorem. Let f : K"^ ^ K', fou E C"(K2,K') or fou G CJ^{K^,K^) or 
CN(K2, K') or CP{K^, K') for each u e C°°{K\ K") or u E C^{K^, K™) 
or C[°°](K2,K™) or d^\K'^,K"'), where m > 2 and n > 1. Then f E 
C"(K'",K') or f E C6"(K'",K') orCW(K"^^K') or d^\K'^,K^) corre- 
spondingly. 

Proof. Put u{y) = E,^i yje,- +«;(y2), where y = (^1,^2) e K^, ej E K'", 
w E C°°(K, K'") or C^(K, K"*) or C[~1(K, K'") or Ci°°l(K, K'"). Therefore, 
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u e C°°(K2,K'") orC^{K'^,K"') or C[°^1(K2, K™) or Cr\K^,K"'). In view 
of Formula 10(1) or 9(1) and Lemmas 11, 12 or Corollary 14 for f o u{y^^^) 
or T"/ o u by induction we get that each f{w{y2), ej{i), ej(k)]ti, H) 
or T"/(x["'])L[n] with x — w{y2) is continuous or uniformly continu- 

^j(0),...,j(n) 

ous. Therefore, from Theorem 39 with s = r = it follows, that each 
^''f{x; 6^(1), ej(fe); ii, tk) or T"/(x['=l) is continuous on or C/j"i),...j(„) 

or uniformly continuous on vj^^^ ^^^^ or V^'^q-j respectively for each 

= l,...,n, hence by Lemma 21/ G C"'(K'",'k') or / G C6''(K'",K') or 
CM(K™,K') or c["1(K'",K') correspondingly 
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